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EXISTENCE OF EQUIVARIANT MODELS
OF SPHERICAL VARIETIES AND OTHER G-VARIETIES
MIKHAIL BOROVOI AND GIULIANO GAGLIARDI
Abstract. Let k0 be a field of characteristic 0 with algebraic closure k. Let G be
a connected reductive k-group, and let Y be a spherical variety over k (a spherical
homogeneous space or a spherical embedding). Let G0 be a k0-model (k0-form) of G.
We give necessary and sufficient conditions for the existence of a G0-equivariant
k0-model of Y .
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0. Motivation
0.1. Throughout the article, k0 is a field of characteristic 0, and k is a fixed algebraic
closure of k0. We write G = Gal(k/k0) for the Galois group of k over k0. If X0 is an
algebraic variety over k0, we write X0,k or (X0)k for X0 ×k0 k.
Let Y be an algebraic variety over k. A k0-model (or k0-form) of Y is a pair (Y0, νY ),
where Y0 is an algebraic variety over k0 and
νY : Y0,k := Y0 ×k0 k ∼−−→ Y
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is an isomorphism of k-varieties. By abuse of language, we say just that Y0 is a k0-model
of Y . If (Y ′0 , ν ′Y ) is another k0-model, then by an isomorphism (Y0, νY )
∼−→ (Y ′0 , ν ′Y ) we
mean an isomorphism of k0-varieties
β0 : Y0 ∼−→ Y ′0 .
Note that for any such isomorphism β0 : Y0 ∼−→ Y ′0 there exists a unique automorphism
β : Y ∼−→ Y such that the following diagram commutes:
(0.2)
Y0,k
β0,k //
νY

Y ′0,k
ν′Y

Y
β // Y .
It is a classical problem of Algebraic Geometry and Galois Cohomology to describe
the set of isomorphism classes of k0-models of a k-variety Y . If there exists one such
model (Y0, νY ), then it defines an injective map from the set of all isomorphism classes
of k0-models into the first Galois cohomology set H1(k0,Aut(Y0)). Here we denote by
Aut(Y ) the group of automorphisms of Y (regarded as an abstract group) and we write
Aut(Y0) for the group Aut(Y ) equipped with the Galois action induced by the k0-model
Y0 of Y . If Y is a quasi-projective variety, then this injective map is bijective; see Serre
[Ser97, III.1.3, Proposition 5].
0.3. When Y carries an additional structure, we wish Y0 to carry this structure as well.
For example, if G is an algebraic group over k, we define a k0-model of G as a pair
(G0, νG) where G0 is an algebraic group over k0 and
νG : G0,k := G0 ×k0 k ∼−−→ G
is an isomorphism of algebraic k-groups. We define isomorphisms of k0-models of G
similarly to the definition in Subsection 0.1. If there exists a k0-model (G0, νG), then
it defines a bijection between the set of isomorphism classes of k0-models of G and
the first Galois cohomology set H1(k0,Aut(G0)); see Serre [Ser97, III.1.3, Corollary of
Proposition 5].
0.4. Let G be a (connected) reductive group over k and Y is a k-variety equipped with
a G-action
θ : G×k Y → Y .
This means that θ is a morphism of k-varieties such that certain natural diagrams
commute; see Milne [Mil17, Section 1.f]. We say then that Y is a G-k-variety. By a
k0-model of (G, Y, θ) we mean a triple (G0, Y0, θ0) as above, but over k0, together with
two isomorphisms
νG : G0,k
∼−→ G, νY : Y0,k ∼−→ Y ,
where νG is an isomorphism of algebraic k-groups and νY is an isomorphism of k-varieties,
such that the following diagram commutes:
(0.5)
G0,k ×k Y0,k
θ0,k //
νG×νY

Y0,k
νY

G×k Y θ // Y .
We define isomorphisms of k0-models of (G, Y, θ) in a natural way. We wish to classify
isomorphism classes of k0-models (G0, Y0, θ0) of triples (G, Y, θ).
It is well known (see, for instance, Milne [Mil17, Theorem 23.55]) that G admits a
split k0-model Gspl (also called the Chevalley form). Then one can classify k0-models
of G by the cohomology classes in H1(k0,Aut(Gspl)). One can also classify k0-models
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of classical groups using algebras with involutions; see Tits [Tit66] and “The Book of
Involutions” [KMRT98]. Thus one can classify k0-models of triples (G, Y, θ) in two steps:
(1) One classifies k0-models G0 of G (which is mostly known);
(2) For a given model G0 of G, one classifies k0-models (G0, Y0, θ0) with this given
G0 .
If (G0, Y0, θ0) is a k0-model of (G, Y, θ) with given G0, we say that (Y0, θ0) is a G0-
equivariant k0-model of (Y, θ).
We give a formal definition. Let (G0, νG) be a k0-model of G as in Subsection 0.3.
By a G0-equivariant k0-model of the G-k-variety (Y, θ) we mean a G0-k0-variety (Y0, θ0)
together with an isomorphism of G-k-varieties νY : Y0,k := Y0 ×k0 k ∼−→ Y such that the
diagram (0.5) commutes. By an isomorphism of G0-equivariant k0-models (Y0, νY ) ∼−→
(Y ′0 , ν ′Y ) we mean an isomorphism of G0-k0-varieties
ι0 : Y0 ∼−→ Y ′0 .
0.6. Let G be a (connected) reductive k-group and let (Y, θ) be a G-k-variety. For a
given k0-model (G0, νG) of G, we wish to classify G0-equivariant k0-models of Y up to
isomorphism.
Assume for simplicity that the variety Y is quasi-projective. A G0-equivariant k0-
model (Y0, θ0) of (Y, θ), if it exists, defines a bijection between the set of isomorphism
classes of all such models and the first Galois cohomology setH1(k0,AutG0(Y0)); see Serre
[Ser97, III.1.3, Proposition 5]. Here we denote by AutG(Y ) the group of G-equivariant
automorphisms of Y (regarded as an abstract group), and we write AutG0(Y0) for the
group AutG(Y ) equipped with the Galois action induced by the k0-model Y0 of Y .
We see that the main problem is to find at least one G0-equivariant k0-model of Y0.
We arrive at the following question:
Question 0.7. Let G be a (connected) reductive k-group and let Y be a G-k-variety.
For a given k0-model G0 of G, does there exist a G0-equivariant k0-model of Y ?
Our Main Theorem 1.19 and Theorem 1.22 together with Proposition 1.14 completely
answer Question 0.7 in the case when Y is a spherical variety (a spherical homogeneous
space or a spherical embedding).
Remark 0.8. Question 0.7 was inspired by the articles of Akhiezer and Cupit-Foutou
[ACF14, Akh15, CF15]. This section was inspired by the introduction of [MJT18].
1. Introduction
1.1. Let k0, k, and G be as in Subsection 0.1. In this article, by an algebraic variety
over k we mean a separated and reduced scheme of finite type over k. By a (linear)
algebraic group over k we mean an affine group scheme of finite type over k.
1.2. Let G be a connected linear algebraic group over k, and let Y be a G-k-variety. We
consider the group Aut(G) of automorphisms of G. We regard Aut(G) as an abstract
group. Any g ∈ G(k) defines an inner automorphism
ig : G→ G, x 7→ gxg−1 for x ∈ G(k).
We obtain a homomorphism
i : G(k)→ Aut(G).
We denote by Inn(G) ⊂ Aut(G) the image of the homomorphism i and we say that
Inn(G) is the group of inner automorphisms of G. We identify Inn(G) with G(k), where
G = G/Z(G)
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and Z(G) is the center of G.
Let G♦ be a k0-model of G. We write Z♦ for the center of G♦; then G♦ := G♦/Z♦ is
a k0-model of G. Let c : G → G♦(k) be a 1-cocycle, that is, a locally constant map such
that the following cocycle condition is satisfied:
(1.3) cγβ = cγ · γcβ for all γ, β ∈ G.
We denote the set of such 1-cocycles by Z1(G, G♦(k)) or by Z1(k0, G♦). For c ∈ Z1(k0, G)
one can define the c-twisted inner form c(G♦) of G♦; see Subsection 2.6 below. For
simplicity we write cG♦ for c(G♦).
1.4. Let Y be a G-k-variety; see Subsection 0.4. It is well known that if G is a reductive
k-group, then any k0-model G0 of G is an inner form of a quasi-split model; see, for
instance, “The Book of Involutions” [KMRT98, (31.5)]. In other words, there exist a
quasi-split model Gq of G and a 1-cocycle c ∈ Z1(k0, Gq) such that G0 = cGq. In some
cases it is clear that the G-k-variety Y admits a Gq-equivariant k0-model. For example,
assume that Y = G/U , where U = Ru(B) is the unipotent radical of a Borel subgroup
B of G. Since Gq is a quasi-split model, there exists a Borel subgroup Bq ⊂ Gq (defined
over k0). Set Uq = Ru(Bq) (the unipotent radical of Bq); then Gq/Uq is a Gq-equivariant
k0-model of Y = G/U .
1.5. In the setting of Subsections 1.1 and 1.2, let G♦ be a k0-model of G, and let
G0 = cG♦, where c ∈ Z1(k0, G♦). Motivated by Subsection 1.4, we assume that Y
admits a G♦-equivariant k0-model Y♦, and we ask whether Y admits a G0-equivariant
k0-model Y0.
We consider the short exact sequence
1→ Z♦ → G♦ → G♦ → 1
and the connecting map
δ : H1(k0, G♦)→ H2(k0, Z♦);
see Serre [Ser97, I.5.7, Proposition 43]. If c ∈ Z1(k0, G♦), we write [c] for the correspond-
ing cohomology class in H1(k0, G♦). By abuse of notation, we write δ[c] for δ([c]).
We consider the group A := AutG(Y ) of G-equivariant automorphisms of Y , regarded
as an abstract group. The G♦-equivariant k0-model Y♦ of Y defines a G-action on
A, see (3.4) below, and we denote the obtained G-group by A♦. One can define the
second Galois cohomology set H2(G,A♦). See Springer [Spr66, 1.14] for a definition of
H2(G,A♦) in the case when the G-group A♦ is nonabelian.
For all z ∈ Z♦(k) we consider the G-equivariant automorphism κ(z) of Y defined by
y 7→ z · y. We obtain a G-equivariant homomorphism
κ : Z♦(k)→ A♦ ,
which induces a map
κ∗ : H2(k0, Z♦)→ H2(G,A♦).
Theorem 1.6 (Theorem 3.8). Let k0, k, and G be as in Subsection 0.1. Let G be a
connected linear algebraic k-group, and let Y be a G-k-variety. Let G♦ be a k0-model
of G, and assume that Y admits a G♦-equivariant k0-model Y♦ . We also assume that
Y is quasi-projective. With the above notation, let c ∈ Z1(k0, G♦) be a 1-cocycle, and
consider its class [c] ∈ H1(k0, G♦). Set G0 = cG♦ (the inner twisted form of G♦ defined
by the 1-cocycle c). Then the G-variety Y admits a G0-equivariant k0-model if and only
if the cohomology class
κ∗(δ[c]) ∈ H2(G,A♦)
is neutral.
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Remark 1.7. In the case when A is abelian, the condition “κ∗(δ[c]) is neutral” means
that κ∗(δ[c]) = 1.
Corollary 1.8. If either Z = {1} or A = {1}, then Y does admit a G0-equivariant
k0-model (because then κ∗(δ[c]) = 1).
1.9. Let
c˜ : G → G♦(k)
be a 1-cocycle with values in G♦, that is, c˜ ∈ Z1(k0, G♦). Consider i ◦ c˜ ∈ Z1(k0, G♦);
by abuse of notation, we write c˜G♦ for i◦c˜G♦. We say that c˜G♦ is a pure inner form of
G♦. For a pure inner form G0 = c˜G♦, the G-variety Y clearly admits a G0-equivariant
k0-model: we may take Y0 = c˜Y♦; see Lemma 2.7 below. It follows from the cohomology
exact sequence (3.3) below that, for a cocycle c ∈ Z1(k0, G♦), the twisted form cG♦ is a
pure inner form of G♦ if and only if δ[c] = 1.
1.10. Let n ≥ 2 be a natural number. Let H be a linear algebraic k-group, and set
G = Hn := H ×k · · · ×k H︸ ︷︷ ︸
n times
.
Set Y = Hn−1, where G acts on Y on the left by
(h1, h2, . . . , hn) ∗ (y1, . . . , yn−1) = (h1y1h−12 , . . . , hn−1yn−1h−1n ).
Set y(0) = (1, 1, . . . , 1) ∈ Y (k); then
StabG(k)(y(0)) = {(h, h, . . . , h) | h ∈ H(k)} = ∆(k),
where ∆ ⊂ Hn is the diagonal, that is, ∆ is H embedded in G diagonally. We see that
Y ∼= G/∆. Observe that if n = 2 and H is a (connected) reductive group, or if n = 3
and H = SL(2), then the homogeneous space Y of G is spherical; see the definition of a
spherical homogeneous space in Subsection 1.13 below.
Let H (1)0 ,. . . ,H
(n)
0 be n k0-models of H. We set G0 = H
(1)
0 ×k0 · · · ×k0 H (n)0 and ask
whether Y admits a G0-equivariant k0-model.
Theorem 1.11 (Theorem 4.3). With the notation and assumptions of Subsection 1.10,
the homogeneous space Y = Hn/∆ admits an H (1)0 ×k0 · · · ×k0 H (n)0 -equivariant k0-model
if and only if each H (i)0 for i = 2, . . . , n is a pure inner form of H
(1)
0 .
Example 1.12. Let k = C, k0 = R, H = SL4,C. Consider the real models H (1)0 = SU2,2
and H (2)0 = SU4 of H. Then SU4 is a pure inner form of SU2,2. By Theorem 1.11, there
exists an SU2,2×R SU4-equivariant real model Y0 of Y = (H×CH)/∆. See Example 11.1
below for details and for an explicit construction of Y0. Compare with Example 11.3,
where it is shown that if H = Sp2n,C, H
(1)
0 = Sp2n,R, H
(2)
0 = Sp(m,n−m) with n ≥ 1
and 0 ≤ m ≤ n, then by Theorem 1.11 there is no H (1)0 ×R H (2)0 -equivariant R-model of
Y = (H ×C H)/∆, because the inner form H (2)0 of H (1)0 is not a pure inner form (indeed,
there are no pure inner forms of Sp2n,R that are non-isomorphic to Sp2n,R).
1.13. In the setting of Subsections 1.1 and 1.2, we now consider the case when G is
a (connected) reductive group and Y = G/H is a spherical homogeneous space, which
means that for a Borel subgroup B ⊂ G there exists an open B-orbit in G/H. Spherical
varieties (spherical homogeneous spaces and spherical embeddings) were considered in
works of Luna, Vust, Brion, Knop, Losev, and others. The classification of spherical
homogeneous spaces over algebraically closed fields of characteristic 0 was completed
in the works of Bravi and Pezzini [BP14, BP15, BP16] as well as Cupit-Foutou [CF14].
For general surveys on the theory of spherical varieties we refer to [Tim11, Per14].
According to the Luna-Vust theory of spherical embeddings [LV83, Kno91], with any
spherical homogeneous space G/H one can associate a certain triple (X ,V,D). We fix a
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Borel subgroup B of G and denote by X∗(B) the character group of B; then X ⊂ X∗(B)
is the weight lattice, V ⊂ Hom(X ,Q) is the valuation cone, and D is the set of colors.
The set of colors D is a finite set endowed with a canonical map ρ : D → Hom(X ,Q).
We fix a maximal torus T ⊂ B ⊂ G and consider the set of simple roots S = S(G,T,B).
Let P(S) denote the set of all subsets of S. Then the set D is also endowed with a
canonical map ς : D → P(S). See [Bor17, Section 6] for details.
From (D, ρ, ς) we obtain two finite sets Ω(1) and Ω(2). Namely, we denote by Ω the
image of the map
ρ× ς : D −→ Hom(X ,Q)× P(S).
Every element of Ω has either one or two preimages in D under ρ × ς; see [Bor17,
Corollary 6.4]. Let Ω(1) (resp. Ω(2)) denote the subset of Ω consisting of elements with
exactly one preimage (resp. exactly two preimages) in D. Thus, from the set of colors D
endowed with the maps ρ and ς, we obtained two subsets
Ω(1),Ω(2) ⊂ Hom(X ,Q)× P(S).
Conversely, from Ω(1) and Ω(2) we can recover D (up to an isomorphism) as an abstract
finite set endowed with two maps ρ and ς. We say that (X ,V,Ω(1),Ω(2)) are the combina-
torial invariants of G/H. By Losev [Los09b, Theorem 1], the invariants (X ,V,Ω(1),Ω(2))
or, equivalently, (X ,V,D), uniquely determine a spherical homogeneous space G/H of
the given reductive k-group G up to a G-equivariant isomorphism.
The k0-model G0 of G defines a G-action (called the ∗-action) on X∗(B) and on
S ⊂ X∗(B), so for every γ ∈ G we obtain a new set of invariants (γX , γV, γΩ(1), γΩ(2)).
For details, we refer to [Bor17, Section 7].
Proposition 1.14 (Huruguen [Hur11, Section 2.2], [Bor17, Proposition 8.2]). If G/H
admits a G0-equivariant k0-model, then the G-action on X∗(B) and S defined by G0
preserves the combinatorial invariants (X ,V,Ω(1),Ω(2)), that is,
(γX , γV, γΩ(1), γΩ(2)) = (X ,V,Ω(1),Ω(2))
for all γ ∈ G.
Motivated by Subsection 1.4 and Theorem 1.6, we assume that G0 is quasi-split, and
we ask whether G/H admits a G0-equivariant k0-model.
Theorem 1.15 (Theorems 8.13 and 8.15). Let k0, k, and G be as in Subsection 0.1.
Let G be a (connected) reductive k-group. Let G/H be a spherical homogeneous space
of G, and let (X ,V,Ω(1),Ω(2)) be its combinatorial invariants. Let G0 be a quasi-split
k0-model of G. If the G-action on X∗(B) and S defined by G0 preserves the combinatorial
invariants (X ,V,Ω(1),Ω(2)) of G/H, then the spherical homogeneous space G/H admits
a G0-equivariant k0-model Y0. Moreover, then G/H admits a G0-equivariant k0-model
Y0 having a k0-rational point, that is, Y0 = G0/H0, where H0 ⊂ G0 is a k0-subgroup
such that (H0)k is conjugate to H in G.
Remark 1.16. Theorem 1.15 generalizes a result of Snegirov [Sne18, Theorem 1.1],
who assumes also that k0 is a large field and that NG(NG(H)) = NG(H), where NG(H)
denotes the normalizer of H in G. His result in turn generalizes a result of Akhiezer
and Cupit-Foutou [ACF14, Theorem 4.4], who considered the case of a split group G0
defined over k0 = R.
Theorems 1.6 and 1.15 are combined in Main Theorem 1.19 below, which gives a
complete criterion for the existence of equivariant models of spherical homogeneous
spaces in characteristic 0.
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1.17. In the setting of Subsection 1.13, write G0 = cGq as in Subsection 1.4, where Gq is
a quasi-split model of G and c ∈ Z1(k0, Gq). Let G/H be a spherical homogeneous space.
Assume that the G-action on (X∗(B),S) defined by the k0-model G0 of G preserves
the combinatorial invariants (X ,V,Ω(1),Ω(2)) of G/H. Then the G-action defined by
the k0-model Gq preserves the combinatorial invariants (X ,V,Ω(1),Ω(2)) of G/H as
well, because it is the same G-action on (X∗(B),S). By Theorem 1.15, the spherical
homogeneous space G/H admits a Gq-equivariant k0-model of the form Gq/Hq, where
Hq ⊂ Gq is a subgroup defined over k0. Set
Aq = NGq(Hq)/Hq ,
which is a k0-model of the abelian k-group A := NG(H)/H. Then
Aq(k) = A(k) = AutG(G/H);
see, for instance, [Bor17, Corollary 4.3]. Let [G0, G0] denote the commutator subgroup
of G0, and let G˜0 be the universal cover of the connected semisimple k0-group [G0, G0].
Similarly, we denote by G˜q the universal cover of [Gq, Gq]. We may and shall identify
the centers Z(G˜0) and Z(G˜q). Consider the composite homomorphism of k0-groups
(1.18) κ˜ : Z(G˜0) = Z(G˜q)→ Z(Gq) ↪→ NGq(Hq)→ Aq
and the induced homomorphism on cohomology
κ˜∗ : H2(k0, Z(G˜0))→ H2(k0, Aq).
Let t(G0) ∈ H2(k0, Z(G˜0)) denote the Tits class of G0 . The definition of the Tits
class is given in Subsection 5.2 below. We shall consider
κ˜∗(t(G0)) ∈ H2(k0, Aq).
The following theorem gives necessary and sufficient conditions for the existence of a
G0-equivariant k0-model of G/H.
Main Theorem 1.19. Let k0, k, and G be as in Subsection 0.1. Let G be a (con-
nected) reductive k-group. Let G/H be a spherical homogeneous space of G, and let
(X ,V,Ω(1),Ω(2)) be its combinatorial invariants. Let G0 be a k0-model of G. Assume
that the G-action defined by G0 preserves (X ,V,Ω(1),Ω(2)). Then G/H admits a G0-
equivariant k0-model if and only if
κ˜∗(t(G0)) = 1 ∈ H2(k0, Aq)
with the notation of 1.17.
Remark 1.20. The Tits classes t(G0) ∈ H2(k0, Z(G˜0)) were computed in [KMRT98,
Section 31] for all classical groups G0. See also the tables of the Tits classes for all simple
R-groups in Borovoi’s appendix to [MJT18].
Remark 1.21. Main Theorem 1.19 generalizes Theorem 1.4 of Snegirov [Sne18], who
considered models of G/H in the case when k0 is a large field and NG(NG(H)) = NG(H),
and Theorem 3.18 of Moser-Jauslin and Terpereau [MJT18], where the authors considered
the case when k0 = R and H is a horospherical subgroup.
Let G/H ↪→ Y e be a spherical embedding, that is, a G-equivariant open embedding of
G/H into a normal irreducible G-variety Y e. With a spherical embedding G/H ↪→ Y e
the Luna-Vust theory [LV83] associates its colored fan CF(Y e), see [Kno91, Theorem 3.3],
[Tim11, Theorem 15.4], [Per14, Theorem 3.1.10], or Subsection 10.1 below. The following
theorem gives necessary and sufficient conditions for the existence of a G0-equivariant
k0-model of a spherical embedding G/H ↪→ Y e.
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Theorem 1.22 (Corollary 10.15). Let G/H ↪→ Y e be a spherical embedding with colored
fan CF(Y e). Let G0 be a k0-model of G and write G0 = cGq, where Gq is a quasi-split
inner form of G0. Assume that the G-action defined by G0 preserves the combinatorial
invariants of G/H and that Y e is quasi-projective. Then Y e admits a G0-equivariant
k0-model if and only if the following two conditions are satisfied:
(i) The G-action on Ω defined by G0 can be lifted to a continuous G-action αD on
D such that the colored fan CF(Y e) is G-stable with respect to (G0 , αD) with the
notation of Subsection 10.2 below;
(ii) κ˜∗(t(G0)) = 1 ∈ H2(k0, Aq).
Remark 1.23. In Theorem 1.22, if there exists a G0-equivariant k0-model Y e0 of Y e,
then the set of isomorphism classes of such models is canonically a principal homogeneous
space of the abelian group H1(k0,AutG0(Y e0 )); see Serre [Ser97, III.1.3, Proposition 5].
The plan for the rest of the article is as follows. In Section 2 we recall basic definitions
and results. In Section 3 we prove Theorem 1.6. In Section 4 we prove Theorem 1.11.
In Section 5 we apply Theorem 1.6 to homogeneous spaces of a reductive group. In
the technical Section 6 we compare the sets of k0-rational points of a k0-variety X0 on
which a unipotent k0-group U0 acts and of the quotient variety X0/U0. In Section 7
we study the existence of models of affine spherical varieties. In Section 8 we use the
results from Section 7 to prove Theorem 1.15. In Section 9 we describe the group Aq in
terms of combinatorial data and deduce Main Theorem 1.19. In Section 10 we consider
equivariant models of spherical embeddings and prove Theorem 1.22. In Section 11 we
give examples.
2. Preliminaries
2.1. Let k0, k, and G be as in Subsection 0.1. For γ ∈ G, denote by γ∗ : Spec k → Spec k
the morphism of schemes induced by γ. Notice that (γ1γ2)∗ = γ∗2 ◦ γ∗1 .
Let (Y, pY : Y → Spec k) be a k-scheme. A k/k0-semilinear automorphism of Y is a
pair (γ, µ), where γ ∈ G and µ : Y → Y is an isomorphism of schemes, such that the
following diagram commutes:
Y
µ //
pY

Y
pY

Spec k
(γ∗)−1 // Spec k.
In this case we also say that µ is a γ-semilinear automorphism of Y . We shorten
“γ-semilinear automorphism” to “γ-semi-automorphism”. Note that if (γ, µ) is a semi-
automorphism of Y , then µ uniquely determines γ; see [Bor17, Lemma 1.6].
We denote by SAut(Y ) the group of all γ-semi-automorphisms µ of Y , where γ runs
over G = Gal(k/k0). By a semilinear action of G on Y we mean a homomorphism of
groups
µ : G → SAut(Y ), γ 7→ µγ
such that for each γ ∈ G the automorphism µγ is γ-semilinear.
If we have a k0-scheme Y0, then the formula
(2.2) γ 7→ idY0 × (γ∗)−1
defines a semilinear action of G on
Y0,k = Y0 ×
Spec k0
Spec k.
Thus a k0-model of Y induces a semilinear action of G on Y .
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Let (G, pG : G→ Spec k) be a group scheme over k. A k/k0-semilinear automorphism
of G is a pair (γ, τ) where γ ∈ G and τ : G→ G is a morphism of schemes such that the
diagram
G
τ //
pG

G
pG

Spec k
(γ∗)−1 // Spec k
commutes and that the k-morphism
τ\ : γ∗G→ G
is an isomorphism of algebraic groups over k; see [Bor17, Definition 2.2] for the notations
τ\ and γ∗G.
We denote by SAutk/k0(G), or just by SAut(G), the group of all γ-semilinear auto-
morphisms τ of G, where γ runs over G = Gal(k/k0). By a semilinear action of G on G
we mean a homomorphism
σ : G → SAut(G), γ 7→ σγ
such that for all γ ∈ G the semi-automorphism σγ is γ-semilinear. As above, a k0-model
G0 of G induces a semilinear action of G on G.
Let G be a linear algebraic group over k, and let Y be a G-k-variety. Let G0 be a
k0-model of G. It gives rise to a semilinear action σ : G → SAut(G), γ 7→ σγ . Let Y0 be
a G0-equivariant k0-model of Y . It gives rise to a semilinear action µ : G → SAut(Y )
such that
(2.3) µγ(g · y) = σγ(g) · µγ(y) for all γ ∈ G, y ∈ Y (k), g ∈ G(k).
Definition 2.4. Let Y be a G-variety, and let G0 be a k0-model of G with semilinear
action σ : G → SAut(G). Let µ : G → SAut(Y ) be a semilinear action. We say that µ is
σ-equivariant if (2.3) holds. We say that a σ-equivariant semilinear action µ is algebraic
if there exist a finite Galois extension k1/k0 in k and a G1-equivariant model Y1 of Y
inducing the restriction of µ to Gal(k/k1), where G1 = G×k0 k1.
Lemma 2.5. Let G, Y , G0, and σ be as in Definition 2.4. If Y is quasi-projective, then
any algebraic σ-equivariant semilinear action µ of G on Y comes from a G0-equivariant
k0-model Y0 of Y .
Proof. See [Bor17, Lemma 5.4]. 
2.6. Let G be a group scheme over k. We have an exact sequence
1→ Aut(G)→ SAut(G)→ G.
Let G0 be a k0-model of G; it defines a semilinear action
σ : G → SAut(G).
Since Aut(G) is a normal subgroup of SAut(G), this action induces an action of G on
the group Aut(G), regarded as an abstract group. Recall that a map
c : G → Aut(G)
is called a 1-cocycle if the map c is locally constant and satisfies the cocycle condition
(1.3). The set of such 1-cocycles is denoted by Z1(G,Aut(G)) or Z1(k0,Aut(G)). For
every c ∈ Z1(k0,Aut(G)), we consider the c-twisted semilinear action
σ′ : G → SAut(G), γ 7→ cγ ◦ σγ .
9
Then, clearly, σ′γ is a γ-semi-automorphism of G for any γ ∈ G. It follows from the
cocycle condition (1.3) that
σ′γβ = σ′γ ◦ σ′β for all γ, β ∈ G.
Since G is an algebraic group, the semilinear action σ′ comes from some k0-model G′0
of G; see Serre [Ser97, III.1.3, Corollary of Proposition 5]. We write G′0 = cG0 and say
that G′0 is the twisted form of G0 defined by the 1-cocycle c.
Lemma 2.7. Let G be a linear algebraic group over k, and let Y be a quasi-projective
G-k-variety. Let G♦ be a k0-model of G, and assume that Y admits a G♦-equivariant
k0-model Y♦. Let c˜ ∈ Z1(k0, G♦) be a 1-cocycle in G♦. Consider the pure inner form c˜G♦.
Then Y admits a c˜G♦-equivariant k0-model.
Proof. Write G0 = c˜G♦. We take Y0 = c˜Y♦; then Y0 is a G0-equivariant k0-model of Y .
We give details. The k0-models G♦ and Y♦ define semilinear actions
σ : G → SAut(G) and µ : G → SAut(Y )
such that for any γ ∈ G the semi-automorphism µγ is σγ-equivariant, that is,
µ(g · y) = σγ(g) · µγ(y) for all g ∈ G(k), y ∈ Y (k).
Let c˜ : G → G(k) be a 1-cocycle, that is, c˜ ∈ Z1(k0, G♦). Consider the pure inner form
G0 = c˜G♦; then
σ0γ(g) = c˜γ · σγ(g) · c˜−1γ for all γ ∈ G, g ∈ G(k),
where σ0 is the semilinear action defined by G0. Now we define the twisted form c˜Y♦ as
follows. We set
µ0γ(y) = c˜γ · µγ(y) for y ∈ Y (k);
then µ0γ is a γ-semi-automorphism of Y . Since c˜ is a 1-cocycle, we have
µ0γβ = µ0γ ◦ µ0β for all γ, β ∈ G;
hence, µ0 is a semilinear action on Y . An easy calculation shows that
µ0(g · y) = σ0γ(g) · µ0γ(y) for all g ∈ G(k), y ∈ Y (k);
hence, the semilinear action µ0 is σ0-equivariant. It is easy to see that it is algebraic.
Since Y is quasi-projective, by Lemma 2.5 the algebraic σ0-equivariant semilinear action
µ0 : G → SAut(Y ) on Y defines a G0-equivariant k0-model Y0 = c˜Y♦. 
3. Model for an inner twist of the group
3.1. Let k0, k, and G be as in Subsection 0.1. Let G be a linear algebraic group over k.
Let Y be a G-k-variety. Let Z denote the center of G. We consider the algebraic group
G := G/Z. The algebraic group G naturally acts on G:
gZ(k) : x 7→ gxg−1 for all gZ(k) ∈ G(k), x ∈ G(k).
Let G♦ be a k0-model of G. We write G♦ = G♦/Z♦, where Z♦ is the center of G♦.
The k0-model G♦ of G defines a semilinear action:
σ : G → SAut(G);
see (2.2). We write G♦(k) for the group of k-points of the algebraic k0-group G♦; then
we have an action of G on G♦(k):
(γ, g) 7→ γg = σγ(g) for all γ ∈ G, g ∈ G(k) = G♦(k).
Let c ∈ Z1(k0, G♦) be a 1-cocycle, that is, a locally constant map
c : G → G♦(k) such that cγβ = cγ · γcβ for all γ, β ∈ G.
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We denote by G0 = cG♦ the corresponding inner twisted form of G♦; see Subsection 2.6.
This means that G0(k) = G♦(k), but the Galois action is twisted by c:
σ0γ = cγ ◦ σγ for all γ ∈ G,
where we regard G♦(k) as a subgroup of Aut(G).
In this section we assume that there exists a G♦-equivariant k0-model Y♦ of Y . We
give a criterion for the existence of a G0-equivariant k0-model Y0 of Y , where G0 = cG♦.
3.2. We write [c] ∈ H1(k0, G♦) for the cohomology class of c. We consider the short
exact sequence
1→ Z♦ → G♦ → G♦ → 1
and the corresponding connecting map
δ : H1(k0, G♦)→ H2(k0, Z♦)
from the cohomology exact sequence
(3.3) H1(k0, Z♦)→ H1(k0, G♦)→ H1(k0, G♦) δ−−→ H2(k0, Z♦);
see Serre [Ser97, I.5.7, Proposition 43]. We obtain δ[c] ∈ H2(k0, Z♦).
The G♦-equivariant k0-model Y♦ of Y defines an action of G on A := AutG(Y ) by
(3.4) (γa)(y) = γ(a(γ−1y)) for all γ ∈ G, a ∈ A, y ∈ Y (k).
We denote by A♦ the corresponding G-group. We obtain homomorphisms
µ : G → SAut(Y ), γ 7→ µγ , where µγ(y) = γy for all γ ∈ G, y ∈ Y (k) = Y♦(k),
and
(3.5) τ : G → Aut(A), γ 7→ τγ , where τγ(a) = γa for all γ ∈ G, a ∈ A.
The center Z♦ ⊂ G♦ acts on Y♦, and this action clearly commutes with the action
of G♦. Thus we obtain a canonical G-equivariant homomorphism
κ : Z♦(k)→ A♦.
3.6. We need the nonabelian cohomology set H2(G,A♦); see Springer [Spr66, 1.14]. Set
Out(A) = Aut(A)/Inn(A), the group of outer automorphisms of A. The homomorphism
τ : G → Aut(A) induces a homomorphism κ : G → Out(A). We consider the set of
2-cocycles Z2(G,A, κ). By definition, a 2-cocycle (f, g) ∈ Z2(G,A, κ) is a pair of maps
f : G → Aut(A), g : G × G → A,
such that the pair (f, g) satisfies conditions (5) of [Spr66, 1.14], which we do not rewrite
here. Here the map g must be locally constant, and also f must satisfy a certain
continuity condition, which we do not need in this article; compare [FSS98, (1.14)].
There is a natural equivalence relation on Z2(G,A, κ), see formula (6) in [Spr66, 1.14].
By definition, H2(G,A♦) := H2(G,A, κ) is the quotient of Z2(G,A, κ) by this equivalence
relation.
Recall that an (abelian) 2-cocycle z ∈ Z2(k0, Z♦) is a locally constant map
z : G × G → Z♦(k), (α, β) 7→ zα,β
such that
αzβ,γ · zα,βγ = zα,β · zαβ,γ for all α, β, γ ∈ G.
Then κ∗([z]) ∈ H2(G,A♦) is by definition the class of the 2-cocycle (τ, κ ◦ z), where
τ : G → Aut(A) is as in (3.5). This class is called neutral if there exists a locally constant
map a : G → A such that
(3.7) aγ · γaβ · κ(zγ,β) · a−1γβ = 1 for all γ, β ∈ G.
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Theorem 3.8. Let k, G, Y , k0, G♦, Y♦, A♦, and δ be as in Subsections 3.1 and 3.2. In
particular, we assume that the G-k-variety Y admits a G♦-equivariant k0-model Y♦. We
also assume that Y is quasi-projective. Let c ∈ Z1(k0, G♦) be a 1-cocycle, and consider
its class [c] ∈ H1(k0, G♦). Set G0 = cG♦ (the inner twisted form of G♦ defined by the
1-cocycle c). Then the G-variety Y admits a G0-equivariant k0-model if and only if the
cohomology class
κ∗(δ[c]) ∈ H2(G,A♦)
is neutral.
Proof. The k0-model G♦ of G defines a semilinear action
σ : G → SAut(G), γ 7→ σγ .
The G♦-equivariant k0-model Y♦ of Y defines a semilinear action
µ : G → SAut(Y ), γ 7→ µγ
such that each µγ is σγ-equivariant, that is,
(3.9) µγ(g · y) = σγ(g) · µγ(y) for all g ∈ G(k), y ∈ Y (k).
Since the map γ 7→ µγ is a homomorphism, we have
(3.10) µγβ = µγ ◦ µβ for all γ, β ∈ G.
Since c is a 1-cocycle, it satisfies the cocycle condition cγβ = cγ · γcβ , whence it follows
immediately that c1 = 1G. We lift the 1-cocycle c : G → G(k) to a locally constant map
c˜ : G → G(k)
such that c˜1 = 1G. Note that the map c˜ might not be a 1-cocycle. Let σ0 : G → SAut(G)
denote the homomorphism corresponding to the twisted form G0 = cG♦; then by
definition
σ0γ(g) = c˜γ · σγ(g) · c˜−1γ for all γ ∈ G, g ∈ G(k).
For g ∈ G(k), we write l(g) for the automorphism y 7→ g · y of Y . We have
(3.11) l(g) ◦ a = a ◦ l(g) for all g ∈ G(k), a ∈ A♦ ,
because a is a G-equivariant automorphism of Y . By (3.9) we have
(3.12) µγ ◦ l(g) = l(σγ(g)) ◦ µγ for all γ ∈ G, g ∈ G(k).
Similarly, τγ(a)(µγ(y)) = µγ(a(y)), hence,
(3.13) µγ ◦ a = τγ(a) ◦ µγ for all γ ∈ G, a ∈ A♦.
By definition (Serre [Ser97, I.5.6]), the cohomology class δ[c] ∈ H2(k0, Z♦) is the class
of the 2-cocycle given by
(γ, β) 7→ c˜γ · γ c˜β · c˜−1γβ ∈ Z♦(k) (γ, β ∈ G).
Then κ∗(δ[c]) is the class of the 2-cocycle with first component τ and second component
(γ, β) 7→ κ(c˜γ · γ c˜β · c˜−1γβ ) ∈ A♦.
Let
a : G → A♦
be any locally constant map. We define
(3.14) µ0γ = aγ ◦ l(c˜γ) ◦ µγ = l(c˜γ) ◦ aγ ◦ µγ ;
this means that
µ0γ(y) = aγ(c˜γ · µγ(y)) = c˜γ · aγ(µγ(y)) for y ∈ Y (k).
Then µ0γ is a γ-semi-automorphism of Y .
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Lemma 3.15. For any γ ∈ G, the γ-semi-automorphism µ0γ is σ0γ-equivariant.
Proof. Using (3.9) and (3.11), we compute:
µ0γ(g · y) = (aγ ◦ l(c˜γ))(µγ(g · y))
= aγ(c˜γ · σγ(g) · µγ(y)) = aγ(c˜γσγ(g) c˜−1γ · c˜γµγ(y))
= c˜γσγ(g) c˜−1γ · aγ( c˜γ · µγ(y)) = σ0γ(g) · µ0γ(y). 
Lemma 3.16. The map γ 7→ µ0γ of (3.14) is a homomorphism if and only if
(3.17) aγ · γaβ · κ(c˜γ · γ c˜β · c˜−1γβ ) · a−1γβ = 1
for all γ, β ∈ G.
Proof. Write bγ = aγ ◦ l(c˜γ) ∈ Aut(Y ) ⊂ SAut(Y ); then µ0γ = bγ ◦ µγ . The map γ 7→ µ0γ
is a homomorphism if and only if
bγ ◦ µγ ◦ bβ ◦ µβ ◦ (bγβ ◦ µγβ)−1 = 1 for all γ, β ∈ G.
Since µγβ = µγ ◦ µβ, this is equivalent to
(bγ ◦ µγ ◦ bβ ◦ µβ) ◦ (µ−1β ◦ µ−1γ ◦ b−1γβ ) = 1
and to
(3.18) bγ ◦ (µγ ◦ bβ ◦ µ−1γ ) ◦ b−1γβ = 1.
Since bγ = aγ ◦ l(c˜γ), this is equivalent to
aγ ◦ l(c˜γ) ◦ (µγ ◦ aβ ◦ µ−1γ ) ◦ (µγ ◦ l(c˜β) ◦ µ−1γ ) ◦ (aγβ ◦ l(c˜γβ))−1 = 1.
Taking into account (3.13) and (3.12), this is equivalent to
aγ ◦ l(c˜γ) ◦ τγ(aβ) ◦ l(σγ(c˜β)) ◦ (aγβ ◦ l(c˜γβ))−1 = 1.
Writing γaβ = τγ(aβ) and γ c˜β = σγ(c˜β), and taking into account that by (3.11) we have
l(c˜γ) ◦ γaβ = γaβ ◦ l(c˜γ), this is equivalent to
aγ · γaβ · l(c˜γγ c˜β c˜−1γβ ) · a−1γβ = 1,
which is (3.17) since c˜γγ c˜β c˜−1γβ ∈ Z♦(k). Thus the map γ 7→ µ0γ is a homomorphism if
and only if (3.17) holds for all γ, β ∈ G, which completes the proof of Lemma 3.16. 
We resume proving Theorem 3.8. Assume that κ∗(δ[c]) ∈ H2(G,A♦) is neutral. This
means that there exists a locally constant map
a : G → A♦
such that (3.17) holds. Then, by Lemma 3.16, the map
µ0 : G → SAut(Y ), γ 7→ µ0γ
is a homomorphism. We see that µ0 is a semilinear action of G on Y . By Lemma 3.15,
the semilinear action µ0 is σ0-equivariant.
Lemma 3.19. With the above assumptions and notation, there exists a finite Galois
extension k1/k0 in k such that the restriction of the map µ0 : G → SAut(Y ) to Gal(k/k1)
comes from some G1-equivariant k1-model Y1 of Y , where G1 = G0 ×k0 k1.
Proof. Since the map c˜ is locally constant and c˜1 = 1G, there exists a normal open
subgroup U ⊂ G such that c˜|U = 1G. Then for every γ, β ∈ U we have c˜γ γ c˜β c˜−1γβ = 1,
hence κ(c˜γ γ c˜β c˜−1γβ ) = 1, and from (3.17) we obtain that
aγ
γaβa
−1
γβ = 1.
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This means that the restriction of a to U is a 1-cocycle, and hence, a1 = 1A. Since the
map γ 7→ aγ is locally constant, there exists an open subgroup U1 ⊂ U , normal in G,
such that c˜|U1 = 1G and a|U1 = 1A. Then by formula (3.14), for all γ ∈ U1 we have
µ0γ = µγ .
Write k1 = kU1 ; then k1/k0 is a finite Galois extension and U1 = Gal(k/k1). We see
that µ0γ for γ ∈ U1 = Gal(k/k1) comes from the G1-equivariant k1-model Y1 := Y♦×k0 k1
of Y , where G1 = G♦ ×k0 k1 = G0 ×k0 k1. This completes the proof of the lemma. 
We resume proving Theorem 3.8. By Lemma 3.19, the σ0-equivariant semilinear
action µ0 is algebraic. Since by assumption Y is quasi-projective, by Lemma 2.5 the
variety Y admits a G0-equivariant k0-model Y0 inducing the semilinear action µ0, as
required.
Conversely, assume that there exists a G0-equivariant k0-model Y0 of Y . Since
c˜1 = 1G, there exists a finite Galois extension k1/k0 in k such that c˜γ = 1G for all
γ ∈ U1 := Gal(k/k1). Set G1 = (G♦)k1 ; then (G0)k1 = G1. Set Y1 = (Y♦)k1 ; then (Y0)k1
and Y1 are two G1-varieties over k1, and they become G-isomorphic over k. Since they
are of finite type over k1, by [Bor17, Lemma 5.6(ii)] there exist a finite Galois extension
k2/k1 in k and a (G1)k2-equivariant isomorphism
ϕ2 : (Y0)k2
∼−→ (Y♦)k2 .
Then ϕ2 induces a G-equivariant k-isomorphism
ϕ : (Y0)k
∼−→ (Y♦)k = Y.
The k0-model Y0 of (Y0)k defines a homomorphism
µ0 : G −→ SAut (Y0)k ϕ∗−−→ SAut(Y )
such that µ0γ = µγ for all γ ∈ U2 := Gal(k/k2) (because ϕ2 is a k2-isomorphism).
For every γ ∈ G, set
bγ = µ0γ ◦ (µγ)−1 ∈ Autk(Y ) ⊂ SAut(Y ).
Since µ0 is a homomorphism, by (3.18) we have
(3.20) bγβ = bγ ◦ (µγ ◦ bβ ◦ µ−1γ ) for all γ, β ∈ G.
For β ∈ U2 we have µ0β = µβ, hence bβ = id. From the cocycle formula (3.20) we see
that the map γ 7→ bγ is locally constant. Set
aγ = bγ ◦ l(c˜γ)−1 ∈ Autk(Y );
then the map a : γ 7→ aγ is locally constant, because both maps b : γ 7→ bγ and c˜ : γ 7→ c˜γ
are locally constant. We have
µ0γ = bγ ◦ µγ = aγ ◦ l(c˜γ) ◦ µγ .
By Lemma 3.15, the γ-semi-automorphism l(c˜γ) ◦ µγ is σ0γ-equivariant. Since the γ-
semi-automorphism µ0γ is σ0γ-equivariant as well, we see that aγ is a G-equivariant
k-automorphism of Y , that is, aγ ∈ AutG(Y ) = A. Since the map γ 7→ µ0γ is a
homomorphism, by Lemma 3.16 the equality (3.17) holds, and hence κ∗(δ[c]) is neutral
in H2(G,A♦). This completes the proof of Theorem 3.8. 
Note that while proving Theorem 3.8, we actually proved the following result:
Proposition 3.21. Let k, G, Y , k0, G♦, A♦, and δ be as in Subsections 3.1 and 3.2,
but instead of assuming that the G-k-variety Y admits a G♦-equivariant k0-model Y♦,
we assume only that Y admits an algebraic σ-equivariant semilinear action
µ : G → SAut(Y ),
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where σ : G → SAut(G) is the semilinear action on G defined by the k0-model G♦ of G.
We do not assume that Y is quasi-projective. Let c ∈ Z1(k0, G♦) be a 1-cocycle, and
consider its class [c] ∈ H1(k0, G♦). Set G0 = cG♦, and let σ0 : G → SAut(G) denote the
corresponding the semilinear action on G. Then the G-variety Y admits an algebraic
σ0-equivariant semilinear action µ0 : G → SAut(Y ) if and only if the cohomology class
κ∗(δ[c]) ∈ H2(G,A♦)
is neutral.
4. Models of Hn/∆
4.1. We recall the assumptions and notation of Subsection 1.10. Let n ≥ 2 be a natural
number. Let H be a linear algebraic k-group, and set G = Hn := H × · · · × H. Set
Y = Hn−1, where G acts on Y by
(4.2) (h1, h2, . . . , hn) ∗ (y1, . . . , yn−1) = (h1y1h−12 , . . . , hn−1yn−1h−1n ).
Then Y ∼= G/∆, where ∆ ⊂ Hn is the diagonal, that is, ∆ is H embedded into G
diagonally.
Let H (1)0 ,. . . ,H
(n)
0 be n k0-models of H. We set G0 = H
(1)
0 ×k0 · · · ×k0 H (n)0 and ask
whether Y admits a G0-equivariant k0-model.
Theorem 4.3. With the notation and assumptions of Subsection 4.1, the homogeneous
space Y = Hn/∆ admits an H (1)0 ×k0 · · · ×k0 H (n)0 -equivariant k0-model if and only if
each H (i)0 for i = 2, . . . , n is a pure inner form of H
(1)
0 .
We need a lemma.
Lemma 4.4 (well-known). Let k0, k, and G be as in Subsection 0.1. Let G be an
algebraic group over k, and let F ⊂ G be an algebraic k-subgroup. Set Y = G/F .
Let G0 be a k0-model of G with semilinear action σ0 : G → SAut(G). If Y admits a
G0-equivariant k0-model, then for any γ ∈ G the subgroup σ0γ(F ) is conjugate to F in G.
Proof. See [Sne18, Lemma 4.1]. 
Proof of Theorem 4.3. Set G1 = (H (1)0 )n; then Y admits a G1-equivariant k0-model
Y1 = (H (1)0 )n−1 (with the action (4.2) of G1). Assume that H (i) is a pure inner form of
H (1) for each i = 2, . . . , n; then G0 is a pure inner form of G1, and by Lemma 2.7 the
G-variety Y admits a G0-equivariant k0-model.
Conversely, assume that Y admits an H (1)0 ×k0 · · ·×k0H (n)0 –equivariant k0-model. First
we show that then H (i) is an inner form of H (1) for all i = 2, . . . , n. Indeed, let
σ(i) : G → SAut(H)
denote the semilinear action corresponding to the k0-model H (i)0 of H for i = 1, . . . , n.
Recall that ∆(k) = {(h, . . . , h) | h ∈ H(k)}. Then for any γ ∈ G we have
(σ(1)γ × · · · × σ(n)γ )(∆(k)) = {(σ(1)γ (h), . . . , σ(n)γ (h)) | h ∈ H(k)}.
Since Y admits an H (1)0 ×k0 · · ·×k0H (n)0 -equivariant k0-model, by Lemma 4.4 the subgroup
(σ(1)γ × · · · × σ(n)γ )(∆)
is conjugate to ∆ in G = Hn. This means that there exists a tuple (h1, . . . , hn) ∈ H(k)n
such that for any h ∈ H(k) there exists h′ ∈ H(k) such that
(σ(1)γ (h), . . . , σ(n)γ (h)) = (h1h′h−11 , . . . , hnh′h−1n ).
Then we have
h′ = h−1i σ(i)γ (h)hi for each i = 1, . . . , n.
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It follows that
σ(i)γ (h) = (hih−11 ) · σ(1)γ (h) · (hih−11 )−1.
We see that for any γ ∈ G we have
σ(i)γ = inn(hih−11 ) ◦ σ(1)γ .
This means that H (i)0 is an inner form of H
(1)
0 for each i = 2, . . . , n.
Now we know that H (i)0 = ci(H
(1)
0 ) for some 1-cocycle ci ∈ Z1(k0, H (1)). Set G1 =
(H (1)0 )n; then Y1 := (H
(1)
0 )n−1 with the natural action of G1 is a G1-equivariant k0-model
of Y . Moreover, G0 = H (1)0 ×k0 · · · ×k0 H (n)0 is the inner twisted form of G1 given by the
1-cocycle c = (1, c2, . . . , cn) ∈ Z1(k0, G1). Then
δ[c] ∈ H2(k0, Z(G1)) = H2(k0, Z(H (1)0 ))n
is (1, δH [c2], . . . , δH [cn]), where
δH : H1(k0, H
(1)
0 )→ H2(k0, Z(H (1)0 ))
is the connecting map. By Theorem 3.8, a G0-equivariant k0-model of Y exists if and only
if κ∗(δ[c]) = 1, that is, if and only if κ∗(1, δH [c2], . . . , δH [cn]) = 1. An easy calculation
shows that
NG(∆) = Z(G) ·∆
and
A := NG(∆)/∆ = Z(G)/Z(∆) = Z(H)n/Z(∆).
Similarly, over k0 we obtain
NG1(∆1) = Z(G1) ·∆1
and
A1 := NG1(∆1)/∆1 = Z(G1)/Z(∆1) = Z(H (1)0 )n/Z(∆1).
It is easy to see that the homomorphism of abelian k0-groups
Z(H (1)0 )n−1 → A1, (z2, . . . , zn) 7→ (1, z2, . . . , zn) · Z(∆)
is an isomorphism. It follows that the induced map on cohomology
H2(k0, Z(H (1)0 ))n−1 → H2(k0, A1)
is an isomorphism of abelian groups. We see that κ∗(1, δH [c2], . . . , δH [cn]) = 1 if and
only if δH [ci] = 1 for all i = 2, . . . , n. Therefore, an H (1)0 ×k0 · · · ×k0 H (n)0 -equivariant
k0-model of Y exists if and only if δH [ci] = 1 for all i = 2, . . . , n, that is, if and only if
H (i)0 is a pure inner form of H
(1)
0 for all i = 2, . . . , n, as required. 
Now we consider the case when k0 is a p-adic field (a finite extension of the field of
p-adic numbers Qp).
Lemma 4.5. Let H0 be a simply connected semisimple group over a p-adic field k0 .
Then any pure inner form of H0 is isomorphic to H0.
Proof. Indeed, by Kneser’s theorem we haveH1(k0, H0) = 1; see Platonov and Rapinchuk
[PR94, Theorem 6.4]. 
Corollary 4.6. In Theorem 4.3, if k0 is a p-adic field and H is a simply connected
semisimple group over k, then Y admits an H (1)0 ×k0 · · · ×k0 H (n)0 -equivariant k0-model if
and only if all H (i)0 are pairwise isomorphic.
Proof. Indeed, by Theorem 4.3, the variety Y admits an H (1)0 ×k0 · · ·×k0H (n)0 -equivariant
k0-model if and only if H (i)0 is a pure inner form of H
(1)
0 for all i = 2, . . . , n, and by
Lemma 4.5 any pure inner form of H (1)0 is isomorphic to H
(1)
0 . 
Remark 4.7. The similar assertion in the case when k0 = R is false; see Example 11.1.
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5. Model of a homogeneous space of a reductive group
Let k0, k, and G be as in Subsection 0.1. In this section G is a (connected) reductive
group over k. We need the following result:
Proposition 5.1. Let G be a reductive group over k, and let G0 be any k0-model of G.
Then there exist a quasi-split k0-model Gq of G and a cocycle d ∈ Z1(k0, Inn(G0)) such
that Gq ' dG0 (we say that Gq is a quasi-split inner k0-form of G0). Moreover, if
Gq and G′q are two quasi-split inner k0-forms of G0, then they are isomorphic, and if
d, d′ ∈ Z1(k0, Inn(G0)) are two such cocycles, then they are cohomologous.
Proof. See “The Book of Involutions” [KMRT98, (31.5) and (31.6)]. 
5.2. LetG be a reductive group over k, and letG0 be a k0-model ofG. WriteG = G/Z(G)
for the corresponding adjoint group, and G˜ for the universal cover of the connected
semisimple group [G,G]. We fix d ∈ Z1(k0, G0/Z(G0)) as in Proposition 5.1; then
Gq := dG0 is a quasi-split k0-model of G. We write G0 = G0/Z(G0) and Gq = Gq/Z(Gq).
We write Z˜q for the center Z(G˜q) of the universal cover G˜q of the connected semisimple
group [Gq, Gq]. Similarly, we write Z˜0 for the center Z(G˜0) of the universal cover G˜0 of
the connected semisimple group [G0, G0]. The short exact sequence
1→ Z˜0 → G˜0 → G0 → 1
induces a cohomology exact sequence
H1(k0, Z˜0)→ H1(k0, G˜0)→ H1(k0, G0) δ˜0−−→ H2(k0, Z˜0).
Similarly, the short exact sequence
1→ Z˜q → G˜q → Gq → 1
induces a cohomology exact sequence
H1(k0, Z˜q)→ H1(k0, G˜q)→ H1(k0, Gq) δ˜q−−→ H2(k0, Z˜q).
By definition, the Tits class t(G˜0) ∈ H2(k0, Z˜0) is defined by
t(G˜0) = (δ˜0[d])−1,
the inverse of the image of the cohomology class [d] ∈ H1(k0, G0) under the connecting
map δ˜0 : H1(k0, G0)→ H2(k0, Z˜0); see [KMRT98, Section 31, before (31.7)].
Set cγ = d−1γ ∈ G(k) for all γ ∈ G. Let
µ0 : G → SAut(G) and µq : G → SAut(G)
be the semilinear actions corresponding to the k0-models G0 and Gq , respectively. Then
µqγ = inn(dγ) ◦ µ0γ , and hence, µ0γ = inn(cγ) ◦ µqγ for all γ ∈ G,
where we write inn(g) for the inner automorphism of G defined by an element g ∈ G(k).
It follows that c is a 1-cocycle, that is, c ∈ Z1(k0, Gq).
Lemma 5.3. With the above assumptions and notation we have
δ˜q[c] = t(G0) ∈ H2(k0, Z˜q),
where we identify Z˜q with Z˜0.
Proof. A calculation. 
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Let H ⊂ G be an algebraic subgroup (not necessarily spherical). We consider the
homogeneous G-variety Y = G/H. Consider the abstract group A = AutG(G/H) and
the algebraic group A = NG(H)/H; then there is a canonical isomorphism A(k) ∼−→ A
(see, for instance, [Bor17, Corollary 4.3]). Let Gq be a quasi-split k0-model of G and
assume that there exists a Gq-equivariant model of G/H of the form Gq/Hq, where
Hq ⊂ Gq is a k0-subgroup. We set Aq = NGq(Hq)/Hq, which is a k0-model Aq of A. We
have a canonical homomorphism
(5.4) κ˜ : Z˜q pi−−→ Zq κ−−→ Aq ,
where the homomorphism pi : Z˜q → Zq is induced by the canonical homomorphism
G˜q → Gq.
Proposition 5.5. Let k0, k, and G be as in Subsection 0.1. Let G be a (connected)
reductive group over k. Let H ⊂ G be an algebraic subgroup. Let G0 be a k0-model of G.
Write G0 = cGq, where Gq is a quasi-split inner form of G0 and where c ∈ Z1(k0, Gq).
Assume that G/H admits a Gq-equivariant k0-model of the form Gq/Hq, where Hq ⊂ Gq
is a k0-subgroup. Set Aq = NGq(Hq)/Hq. Then G/H admits a G0-equivariant k0-model
if and only if the image in H2(k0, Aq) of the Tits class
t(G˜0) ∈ H2(k0, Z(G˜0)) = H2(k0, Z(G˜q))
under the map
κ˜∗ : H2(k0, Z(G˜q))
pi∗−−−→ H2(k0, Z(Gq)) κ∗−−−→ H2(k0, Aq)
is neutral.
This partial result will be used in Section 9 in the proof of Main Theorem 1.19.
Proof. By Theorem 3.8, the homogeneous space G/H admits a G0-equivariant k0-form
if and only if the image
κ∗(δq[c]) ∈ H2(k0, Aq)
is neutral. We write Zq for Z(Gq) and Z˜q for Z(G˜q). From the commutative diagram
with exact rows
1 // Z˜q //
pi

G˜q //

Gq //
id

1
1 // Zq // Gq // Gq // 1
we obtain a commutative diagram
H1(k0, Gq)
δ˜q //
id

H2(k0, Z˜q)
pi∗

H1(k0, Gq)
δq // H2(k0, Zq),
which shows that
δq[c] = pi∗(δ˜q[c]).
By Lemma 5.3, we have
t(G˜0) = δ˜q[c] ∈ H2(k0, Z˜q).
Thus
κ∗(δq[c]) = κ∗(pi∗(δ˜q[c])) = κ˜∗(δ˜q[c]) = κ˜∗(t(G0)) ∈ H2(k0, Aq).
We conclude that the homogeneous space G/H admits a G0-equivariant k0-model if and
only if κ˜∗(t(G˜0)) ∈ H2(k0, Aq) is neutral, as required. 
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6. Rational points
In this section we prove the following technical assertion:
Proposition 6.1. Let k0, k, and G be as in Subsection 0.1. Let
f0 : X0 → Y0
be a dominant morphism of k0-varieties. Assume that a connected unipotent group U0
defined over k0 acts on X0 such that for any y ∈ f0(X0(k)) ⊂ Y0(k), the fiber f−10 (y) is
an orbit of U0(k). We write X = X0 ×k0 k and Y = Y0 ×k0 k. If the set of k0-points
Y0(k0) is Zariski-dense in Y , then the set of k0-points X0(k0) is Zariski-dense in X.
To prove the proposition, we need a definition and a lemma.
Definition 6.2. Let k0, k, and G be as in Subsection 0.1. Let G0 be a linear algebraic
group over k0. A homogeneous space of G0 is a G0-k0-variety Y0 such that G0(k) acts
transitively on Y0(k). A principal homogeneous space (torsor) of G0 is a homogeneous
space P0 of G0 such that G0(k) acts simply transitively on P0(k), that is, the stabilizer
of a point p ∈ P0(k) is trivial. By a torsor dominating a homogeneous space Y0 we
mean a pair (P0, α0), where P0 is a torsor of G0 and α0 : P0 → Y0 is a G0-equivariant
morphism.
6.3. For a given homogeneous space Y0 of G0, we ask whether there exists a torsor
dominating it as in Definition 6.2. Let y ∈ Y0(k) and set H = StabG(y), where
G = G0 ×k0 k. The homogeneous space Y0 defines a k0-kernel κ and a cohomology class
η(Y0) ∈ H2(k0, H, κ);
see Springer [Spr66, 1.20] or Borovoi [Bor93, Sections 7.1 and 7.7]. There exists a pair
(P0, α0) as in Definition 6.2 if and only if the class η(Y0) is neutral (there may be more
than one neutral class).
Lemma 6.4. Let k0, k, and G be as in Subsection 0.1. Let U0 be a connected unipotent
group over k0, and let Y0 be a homogeneous space of U0. Then Y0 has a k0-point, and
k0-points are dense in (Y0)k.
Proof. Write U = U0 ×k0 k. Let y ∈ Y0(k) be a k-point, and set U ′ = StabU (y); then U ′
is a unipotent k-group. Consider
η(Y0) ∈ H2(k0, U ′, κ)
as in 6.3. Since U ′ is unipotent, by Douai’s theorem [Dou76, IV-1.3], see also [Bor93,
Corollary 4.2], all elements of H2(k0, U ′, κ) are neutral. Since η(Y0) is neutral, there
exists a pair (P0, α0) as in Definition 6.2.
The torsor P0 of U0 defines a cohomology class
ξ(P0) ∈ H1(k0, U0).
Since U0 is unipotent and char(k0) = 0, we have H1(k0, U0) = {1}; see Serre [Ser97,
III.2.1, Proposition 6]. Thus the class ξ(P0) is neutral, and hence P0 has a k0-point p0.
Then the point y0 = α0(p0) is a k0-point of Y0.
Since our field k0 is of characteristic 0, it is perfect and infinite, and by Borel [Bor91,
Corollary 18.3] the set U0(k0) is dense in U . It follows that
{u · y0 | u ∈ U0(k0)} ⊂ Y0(k0)
is a dense set of k0-points in (Y0)k, as required. 
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Remark 6.5. For any unipotent group U0 (which we do not assume to be connected)
over our field k0 of characteristic 0, there exists the exponential map
exp: Lie(U0)→ U0 ,
which is an isomorphism of k0-varieties. It follows that U0 is k-isomorphic to the affine
space Lie(U0) as a k0-variety. In particular, U0 is connected and the k0-points are dense
in (U0)k.
6.6. Proof of Proposition 6.1. Let UX ⊂ X be a non-empty open subset. We shall show
that UX contains a k0-point. Since f is dominant, f(UX) contains some open subset UY
in Y . Since by assumption Y0(k0) is dense in Y , there exists a k0-point y0 ∈ UY . Then
y0 ∈ f(X(k)).
Set F0 = f−1(y0) ⊂ X; then the fiber F0 is defined over k0. Write F = F0 ×k0 k. We
know that the variety F is non-empty because y0 ∈ f(X(k)). Since by assumption F0 is
a homogeneous space of the unipotent group U0, by Lemma 6.4 the set F0(k0) is dense
in F .
The set UF := UX ∩ F is open in F , and it is non-empty because y0 ∈ UY ⊂ f(UX).
Since k0-points are dense in F , there exists a k0-point x0 ∈ UF ⊂ UX . We conclude that
the set X0(k0) is dense in X. 
7. Models of affine spherical varieties
Let k0, k, and G be as in Subsection 0.1. Let G be a (connected) reductive group
over k. We fix a Borel subgroup B ⊂ G and a maximal torus T ⊂ B. Let U denote the
unipotent radical of B; then B = U o T .
7.1. For any affine G-variety X, its weight monoid Γ ⊂ X∗(B) is defined to be the
monoid consisting of those λ ∈ X∗(B) for which there exists a nonzero B-λ-semi-invariant
regular function in the coordinate ring k[X].
Now let Γ ⊂ X∗(B) be a submonoid of dominant weights. For each λ ∈ Γ we denote
by Vλ an irreducible G-module of highest weight λ ∈ X∗(B). For any affine spherical
G-variety X with weight monoid Γ we have
k[X] ∼=
⊕
λ∈Γ
Vλ and k[X]U ∼=
⊕
λ∈Γ
V Uλ
because the coordinate ring k[X] of an affine spherical G-variety X is a multiplicity-
free rational representation of the reductive group G (see, for example, Perrin [Per14,
Theorem 2.1.2]). In this case, the monoid Γ is finitely generated and moreover saturated,
that is, Γ is the intersection of the rational cone spanned by Γ with the lattice generated
by Γ; see, for instance, [ACF18, 2.2].
7.2. Let X be an affine spherical G-variety. We write k[X](B) for the monoid of nonzero
B-semi-invariant regular functions on X. We write k[X]U for the ring of U -invariants
in k[X]; then T acts on k[X]U . We write (k[X]U )(T ) for the monoid of nonzero T -semi-
invariants in k[X]U ; then clearly (k[X]U )(T ) = k[X](B).
7.3. Up to G-equivariant isomorphism, there may be several different affine spherical G-
varietiesX with given weight monoid Γ; in other words there may be several multiplicative
structures on the G-vector space ⊕λ∈Γ Vλ (compatible with the G-action).
On the other hand, the ring of U -invariants k[X]U is always (non-canonically) T -
equivariantly isomorphic to the semigroup algebra k[Γ] as a k-algebra. To construct an
isomorphism of k-algebras k[Γ]→ k[X]U , choose a point x in the open B-orbit in X and
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for every λ ∈ Γ define fλ ∈ V (B)λ = V Uλ ⊂ k[X]U to be the unique B-λ-semi-invariant
function such that fλ(x) = 1. We obtain a homomorphism of monoids
Γ −→ k[X](B) = (k[X]U )(T ), λ 7→ fλ ,
which uniquely extends by linearity to a homomorphism of k-algebras k[Γ] ∼−→ k[X]U ,
and this homomorphism is an isomorphism because every V Uλ is 1-dimensional. Note that
for different choices of x, we may get different isomorphisms of k-algebras k[Γ]→ k[X]U ,
but the induced isomorphism of monoids
Γ→ (k[X]U )(T )/k∗, λ 7→ [fλ]
is canonical.
7.4. Alexeev and Brion [AB05], see also Brion [Bri13], have defined an affine moduli
scheme MΓ which parametrizes these varieties X considered with an additional structure.
We explain it as in [ACF18, Section 2]. The k-points of MΓ correspond to equivalence
classes [X, τ ] of pairs (X, τ) where X is an affine spherical G-variety with weight monoid
Γ and the map τ : k[X]U → k[Γ] is a T -equivariant isomorphism of k-algebras (there
exists at least one such map by the above discussion). Two pairs (X1, τ1) and (X2, τ2)
are equivalent if there is a G-equivariant isomorphism of k-algebras ϕ : k[X1] ∼−→ k[X2]
such that the following diagram commutes:
k[X1]U
τ1 ##
ϕ∗ // k[X2]U
τ2{{
k[Γ].
Since the k-algebra k[X1] is generated by G(k) · k[X1]U (even as a vector space), every
G-equivariant isomorphism of k-algebras k[X1] ∼−→ k[X2] is uniquely determined by its
restriction to the subalgebra of U -invariants k[X1]U ∼−→ k[X2]U . It follows that the
additional structure τ guarantees that for any two equivalent pairs (X1, τ1) and (X2, τ2),
there is a unique isomorphism of G-k-varieties X1 ∼−→ X2 that respects this additional
structure (while if X1 has non-trivial G-equivariant automorphisms, then there is more
than one isomorphism X1 ∼−→ X2 not necessarily respecting it).
7.5. Let X be an affine spherical G-variety, and let Γ ⊂ X∗(B) be its weight monoid.
Let G0 be a quasi-split k0-form G0 of G, and let B0 ⊂ G0 be a Borel subgroup defined
over k0. Let T0 be a maximal torus in B0, and let U0 be the unipotent radical of B0.
We may assume that B, T , and U are the base changes from k0 to k of B0, T0, and U0,
respectively.
The k0-model G0 of G defines a G-action on X∗(B); see [Bor17, Section 7.1]. If the
G-action preserves Γ, we obtain a natural semilinear G-action on k[Γ]. We denote the
γ-semilinear action map of γ ∈ G on k[Γ] by γ∗.
Construction 7.6. Assume that the G-action preserves Γ. We construct an action of
G on the set of k-points of MΓ. Let γ ∈ G and let [X ′, τ ′] ∈MΓ(k). We construct
[X ′′, τ ′′] := γ [X ′, τ ′]
as follows: First, the k-variety (X ′′, p′′) := γ∗(X ′, p′) is obtained from (X ′, p′) by the
base change
X ′′ b //
p′′

X ′
p′

Spec k γ
∗
// Spec k,
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where we may take X ′′ = X ′, b = idX′ , and p′′ = (γ∗)−1 ◦ p′; see [Bor17, Lemma 1.2].
Moreover, the action of G on X ′′ is obtained from the action of G on X ′ as follows:
G×X ′′ σ
−1
γ ×b // G×X ′ // X ′ b−1 // X ′′.
Finally, the map τ ′′ : k[X ′′]U → k[Γ] is obtained from the following commutative diagram:
k[X ′]U τ
′
//
b∗

k[Γ]
γ∗

k[X ′′]U τ
′′
// k[Γ].
Proposition 7.7. Assume that the G-action preserves Γ. Then there exists a semilinear
action of G on MΓ for which the action on k-points is given in Construction 7.6. This
semilinear action defines a k0-model (MΓ)0 of MΓ.
Proof. We prove the proposition in four steps.
Step 1. Consider the G× B-action on k[G], where G acts from the left and B acts
from the right, that is, for (g, b) ∈ G×B and f ∈ k[G] we have (g, b) · f(x) = f(g−1xb).
Moreover, consider the G×B-action on k[Γ] where G acts trivially and B acts via the
isomorphism B/U ∼= T , where t ∈ T (k) acts on the subspace k ·λ ⊂ k[Γ] by multiplication
by λ(k). The G-module
Vk[Γ] = IndGB k[Γ] := (k[G]⊗k k[Γ])B
is called the induced representation; see, for instance, Timashev [Tim11, Section 2.2].
Then
k[Γ] = (Vk[Γ])U ⊂ Vk[Γ],
and hence for each λ ∈ Γ we have
λ ∈ k[Γ] ⊂ Vk[Γ].
Changing the notation, we now denote by Vλ the k-span of the set G(k) · λ in Vk[Γ], that
is, the subrepresentation of G in Vk[Γ] generated by λ. Then we have
Vk[Γ] =
⊕
λ∈Γ
Vλ.
As before, Vλ is an irreducible G-module of highest weight λ, but now Vλ has a distin-
guished B-eigenvector vλ = λ ∈ V Uλ ⊂ Vλ. Note that from the k0-model B0 of B and
the semilinear G-action on k[Γ], we obtain a G0-equivariant k0-model of Vk[Γ].
We now repeat some exposition from Avdeev and Cupit-Foutou [ACF18, Section 2.5].
For every [X, τ ] ∈ MΓ, the isomorphism τ : k[X]U → k[Γ] induces an isomorphism of
G-representations k[X] ∼−→ Vk[Γ] and thus a k-G-algebra (that is, multiplicative) structure
on Vk[Γ]. More generally, for any k-scheme S, we denote by AS the set of OS-G-algebra
structures on the sheaf OS ⊗k Vk[Γ] that extend the multiplication on k[Γ]. An element
m ∈ AS is a morphism of sheaves of OS-modules
m : (OS ⊗k Vk[Γ])⊗OS (OS ⊗k Vk[Γ])→ OS ⊗k Vk[Γ]
satisfying associativity, commutativity, and compatibility with the G-action that extends
the multiplication map on k[Γ]. The k-scheme MΓ then represents the contravariant
functorMΓ : Sch/k → Sets, S 7→ AS .
Step 2. Our first goal is to define a semilinear G-action on MΓ. Let γ ∈ G. A γ-semi-
linear morphism MΓ →MΓ is the same as a k-morphism MΓ → γ−1∗ MΓ. Since we have
Hom(S, γ−1∗ MΓ) = Hom(γ∗S,MΓ), the k-scheme γ−1∗ MΓ represents the contravariant
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functor γ−1∗ MΓ : Sch/k → Sets, S 7→ Aγ∗S . We can therefore define the action map
µγ : MΓ →MΓ by defining a natural transformation of functorsMΓ → γ−1∗ MΓ.
The (γ−1-semilinear) base change morphism γ∗S → S allows us to consider any sheaf
on S as a sheaf on γ∗S and vice versa. In particular, the base change morphism yields
a (γ-semilinear) morphism of sheaves OS → Oγ∗S . Together with the σγ-equivariant
γ-semilinear action map µγ : Vk[Γ] → Vk[Γ], we obtain a γ-semilinear morphism of sheaves
wγ : OS ⊗k Vk[Γ] → Oγ∗S ⊗k Vk[Γ].
Every m ∈ AS induces an element γ∗m ∈ Aγ∗S via the commutative diagram
(OS ⊗k Vk[Γ])⊗OS (OS ⊗k Vk[Γ]) m //
wγ⊗wγ

OS ⊗k Vk[Γ]
wγ

(Oγ∗S ⊗k Vk[Γ])⊗Oγ∗S (Oγ∗S ⊗k Vk[Γ])
γ∗m // Oγ∗S ⊗k Vk[Γ].
Hence for any k-scheme S we may define the map AS → Aγ∗S , m 7→ γ∗m. The resulting
family of maps forms a natural transformation MΓ → γ−1∗ MΓ, which defines a k-
morphism MΓ → γ−1∗ MΓ, which in turn defines a γ-semilinear morphism µγ : MΓ →MΓ.
A calculation shows that for every α, β ∈ G, we have µαβ = µα ◦ µβ, which means that
the maps µγ define a semilinear G-action on MΓ.
Step 3. We now show that for S = Spec k, we recover the action on k-points from
Construction 7.6. There is a unique isomorphism of k-schemes Spec k ∼−→ γ∗(Spec k).
Applying the functor MΓ, we obtain a canonical identification Aγ∗(Spec k) ∼= ASpec k.
Using this identification, the commutative diagram above specializes to
Vk[Γ] ⊗k Vk[Γ] m //
µγ⊗µγ

Vk[Γ]
µγ

Vk[Γ] ⊗k Vk[Γ]
γ∗m // Vk[Γ].
(7.8)
We write (Vk[Γ],m) for the k-algebra consisting of the k-vector space Vk[Γ] together with
the multiplication map m. Let X ′ := Spec (Vk[Γ],m) and X ′′ := Spec (Vk[Γ], γ∗m). We
have canonical isomorphisms τ ′ : (Vk[Γ],m)U
∼−→ k[Γ] and τ ′′ : (Vk[Γ], γ∗m)U ∼−→ k[Γ]. Now
X ′′ is the base change of X ′ as in Construction 7.6 and the maps τ ′ and τ ′′ fit into the
commutative diagram at the bottom of Construction 7.6.
Step 4. Finally, in order to show that this semilinear action defines a k0-model of MΓ,
it suffices to exhibit an intermediate field k0 ⊂ k1 ⊂ k such that k1/k0 is finite and the
semilinear action on MΓ restricted to the open subgroup Gal(k/k1) ⊂ G comes from a
k1-model of MΓ.
Let k1/k0 be a finite extension in k splitting T0. Then G1 := Gal(k/k1) acts trivially
on X∗(B) = X∗(T ) and hence on Γ. The map m decomposes into components mνλ,µ ∈
HomG(Vλ ⊗k Vµ, Vν) for λ, µ, ν ∈ Γ; see Brion [Bri13, Section 4.3]. Since γ ∈ G1 and G1
acts trivially on Γ, we obtain the following commutative diagram from the last one:
Vλ ⊗k Vµ
mνλ,µ //

Vν

Vλ ⊗k Vµ
(γ∗m)νλ,µ // Vν .
Now recall that for any λ ∈ Γ the irreducible G-module Vλ admits a k1-model in
which the distinguished vector vλ is defined over k1, and such a model is unique up to a
unique isomorphism (because the k-span of G(k) · vλ is all of Vλ). From these models, we
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obtain k1-models of Aνλ,µ := HomG(Vλ ⊗k Vµ, Vν) and hence also a semilinear G1-action
on the infinite-dimensional affine space
A :=
∏
λ,µ,ν∈Γ
Aνλ,µ,
which is the spectrum of its coordinate ring
k[A] =
⊗
λ,µ,ν∈Γ
k[Aνλ,µ],
where every element is a finite sum of pure tensors and at most finitely many factors of
every pure tensor are different from 1.
As explained in [Bri13, Section 4.3], the moduli scheme MΓ is a closed subscheme of A.
The k-points ofMΓ are those multiplication mapsm ∈ A(k), which satisfy commutativity,
associativity, and compatibility with multiplication on k[Γ]; these conditions can be
expressed as polynomial relations.
Since the semilinear G1-action on A sends m to γ∗m, the closed embedding MΓ ↪→ A
is G1-equivariant. The coordinate ring k[A] is generated by functions in k[Aνλ,µ] ⊂ k[A]
for λ, µ, ν ∈ Γ (infinitely many functions in total). The stabilizer in G1 of every function
in k[Aνλ,µ] is open because the G1-action defines a k1-model of Aνλ,µ. It follows that the
stabilizer in G1 of any function in k[A] is open, and hence, that the same is true for any
function in k[MΓ]. By Lemma 7.9 below, the G1-action defines a k1-model of the affine
k-scheme of finite type MΓ, which completes the proof of the proposition. 
Lemma 7.9. Let k/k0 be a Galois extension (not necessarily finite) with Galois group G.
Let R be a finitely generated commutative k-algebra with unit endowed with a k-semilinear
action G × R → R such that the stabilizer in G of any element f ∈ R is open. Let
R0 = RG denote the k0-algebra with a unit consisting of the fixed points of G in R. Then
the natural map R0 ⊗k0 k → R is an isomorphism of k-algebras, and R0 is a finitely
generated k0-algebra.
Proof. The second assertion follows from the first; see EGA [Gro65, Lemma 2.7.1.1]. We
prove the first assertion.
Let x1, . . . , xn be a set of generators of R over k. Let Ui denote the stabilizer of xi
in G, and set U = U1 ∩ . . . ∩ Un. Shrinking U if necessary, we may assume that U is a
normal open subgroup of G and that U fixes all generators x1, . . . , xn.
Consider the set of multi-indexes I = (Z≥0)n. For I = (i1, . . . , in) ∈ I, write
xI = xi11 · · ·xinn . Then the set {xI}I∈I generates R as a vector space over k. It follows
that there exists a subset J ⊂ I such that the family
(7.10) {xI}I∈J
is a basis of R as a vector space over k; see, for instance, Lang [Lan02, Theorem III.5.1].
Clearly, each xI is U-stable. We see that an element∑
I∈J
aIx
I ∈ R (aI ∈ k)
is U-stable if and only if aI ∈ kU for all I ∈ J , because the family (7.10) is a k-basis
of R. It follows that the canonical map
RU ⊗kU k → R
is an isomorphism of vector spaces over k, and hence, an isomorphism of k-algebras with
units.
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Since (RU )G/U = RG , this reduces the lemma to the case of the finite Galois extension
kU/k0 with finite Galois group G/U , which is classical; see, for instance, Jahnel [Jah,
Proposition 2.3]. 
7.11. Given any k0-point of (MΓ)0 of the form [X, τ ], it will be straightforward to obtain
a G0-equivariant k0-model of X (this will be done in the proof of Theorem 7.18). In
order to prove that such a k0-point exists, our plan is to consider a certain subscheme CX
of MΓ, which will be a smooth toric variety defined over k0, and then to apply [VK85,
Proposition 4], which is a result on the existence of k0-points on smooth toric varieties.
The k0-torus acting on this toric variety will be T 0 := T0/Z(G0). Over k, we consider
the natural action of T := T/Z(G) on MΓ as defined in [AB05, Section 2] and [ACF18,
2.7]: for every t ∈ T (k) and [X ′, τ ′] ∈ MΓ(k), we set X ′′ := X ′, lift t to an element
t ∈ T (k), and define τ ′′ as the composition
k[X]U τ
′
// k[Γ] f 7→t
−1·f // k[Γ].
The T -action on k-points is then given by t · [X ′, τ ′] := [X ′′, τ ′′], which is independent of
the lift t ∈ T (k) of t. We now show that this action is defined over k0.
Proposition 7.12. Assume that the G-action preserves Γ. Then for every γ ∈ G,
t ∈ T (k), and [X ′, τ ′] ∈MΓ(k), we have
γ(t · [X ′, τ ′]) = γt · γ([X ′, τ ′]).
In particular, we obtain a T 0-action on (MΓ)0.
Proof. The diagram
k[Γ] f 7→t
−1·f //
γ∗

k[Γ]
γ∗

k[Γ] f 7→
γt−1·f // k[Γ]
commutes for every t ∈ T (k), which gives the required property. 
Remark 7.13. According to [ACF18, Corollary 2.21], two points [X ′, τ ′], [X ′′, τ ′′] ∈
MΓ(k) are in the same T -orbit if and only if X ′ and X ′′ are G-equivariantly isomorphic
(ignoring the maps τ ′ and τ ′′). In particular, the T -orbit C◦X′ of [X ′, τ ′] and its closure
CX′ , considered with the reduced subscheme structure, do not depend on the map τ ′.
Proposition 7.14 ([ACF18, Corollary 4.14]). The T -scheme CX is equivariantly iso-
morphic to a smooth toric T -variety (or, more specifically, an affine space).
Proposition 7.15. Assume that the G-action preserves Γ, choose any τ such that
[X, τ ] ∈MΓ, let γ ∈ G, and let [X ′, τ ′] = γ [X, τ ]. Then the valuation cone of X ′ is γV.
Proof. We recall the description of V in terms of the multiplication law on k[X] due to
Knop [Kno96, Theorem 1.3]. Let
Ξ = {λ+ µ− ν : λ, µ, ν ∈ Γ, 〈G(k) · fν〉k ∩ 〈(G(k) · fλ) · (G(k) · fµ)〉k 6= 0} ⊂ Γ
be the root monoid of X. Then we have
V = {v ∈ HomZ(X ,Q) : 〈v, ξ〉 ≤ 0 for all ξ ∈ Ξ}.
The proposition now follows from the diagram (7.8). 
Proposition 7.16. Assume that the G-action preserves Γ and V. Then the semilinear
G-action on MΓ preserves CX . In particular, we obtain a k0-model (CX)0 of CX .
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Proof. According to Losev [Los09a, Theorem 1.2] (see also Avdeev and Cupit-Foutou
[ACF18, Corollary 4.16] for a proof using the moduli scheme MΓ), any affine spherical
G-variety X is determined up to G-equivariant isomorphism by Γ and V. Therefore, it
follows from Proposition 7.15 that G preserves C◦X , hence also its closure CX . 
We can now show that the open T 0-orbit in (CX)0 admits a k0-point.
Proposition 7.17. Assume that the G-action preserves Γ and V. Then the open T 0-orbit
in (CX)0 admits a k0-point.
Proof. According to Propositions 7.16 and 7.12, we have a T 0-equivariant (toric) k0-
model (CX)0 of CX . According to [AB05, Theorem 2.7], see also [ACF18, Theorem 2.22],
the toric variety CX contains exactly one closed T -orbit, which is one point. Clearly, this
point is a k0-point in (CX)0. Since the smooth toric variety (CX)0 contains a k0-point,
by Voskresenski˘ı and Klyachko [VK85, Proposition 4] the open T 0-orbit in (CX)0 also
contains a k0-point. 
We state the main result of this section in a self-contained way.
Theorem 7.18. Let k0, k, and G be as in Subsection 0.1. Let X be an affine spherical
G-variety over k with weight monoid Γ and valuation cone V. Let G0 be a quasi-split
k0-model of G. Then X admits a G0-equivariant k0-model if and only if the G-action
defined by G0 preserves Γ and V.
Proof. Assume that the G-action defined by G0 preserves Γ and V . We first construct a
semilinear G-action on X such that
γ(g · x) = γg · γx
for every γ ∈ G, g ∈ G(k), and x ∈ X(k). According to Proposition 7.17, there exists
a G-fixed point [X, τ ] ∈ C◦X(k). Let γ ∈ G and [X ′, τ ′] = γ [X, τ ] with X ′ and τ ′ as in
Proposition 7.7. Since we have [X, τ ] = [X ′, τ ′], there exists a uniquely determined
G-equivariant isomorphism X → X ′ such that the following diagram commutes:
k[X]U
τ
##
∼= // k[X ′]U
τ ′{{
k[Γ].
The isomorphism fits into the following diagram (in which the left square as in Construc-
tion 7.6):
X
b−1 //

X ′
∼= //

X

Spec k
(γ∗)−1// Spec k id // Spec k.
Now we use the top row to define the required action map µγ : X → X.
In order to show that this semilinear action defines a k0-model of X, it remains to
exhibit a finite extension k1/k0 in k such that the semilinear action on X restricted to
the open subgroup U := Gal(k/k1) ⊂ G comes from a k1-model of X. Let k0 ⊂ k1 ⊂ k
be such that G1 := G0 ×k0 k1 is split and k1/k0 is finite. For every λ ∈ Γ the action of
G1 on k[X] restricts to Vλ and fixes the distinguished B-eigenvector vλ. Moreover, there
is only one such G1-action, namely the G1-action coming from the unique k1-model of Vλ
such that vλ is defined over k1. In particular, the stabilizer in G1 of every function in
k[X] is open. Hence by Lemma 7.9, the G1-action defines a k1-model of X.
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The other direction is clear. 
Theorem 7.19. Let X0 be a G0-equivariant k0-model of X constructed as in Theo-
rem 7.18. Then the set of k0-points in X0 is dense.
Proof. We have X0/U0 ∼= Spec (k[Γ]) as a k0-variety. The set of k0-points in Spec (k[Γ])
is dense because the map k[Γ] → k sending λ to 1 for every λ ∈ Γ is defined over k0
and hence defines a k0-point. This point lies in the open T -orbit of Spec (k[Γ]); see, for
instance, [CLS11, Proposition 1.1.14]. Since X0 → X0/U0 ∼= Spec (k[Γ]) is a quotient by
a unipotent group over k0, by Proposition 6.1 the set of k0-points in X0 is also dense. 
8. Models of spherical homogeneous spaces of quasi-split groups
8.1. Let k0, k, and G be as in Subsection 0.1. Let G be a (connected) reductive group
over k. We fix a Borel subgroup B ⊂ G and a maximal torus T ⊂ B. Let G/H be a
spherical homogeneous space with combinatorial invariants (X ,V,D). Recall that D is a
finite set equipped with two maps ρ : D → Hom(X ,Q) and ς : D → P(S). We denote
by Σ ⊂ X the set of spherical roots of G/H, that is, the uniquely determined linearly
independent set of primitive elements of X such that
V =
⋂
γ∈Σ
{v ∈ HomZ(X ,Q) : 〈v, γ〉 ≤ 0}.
Whenever X is given, we may specify Σ instead of V and vice versa. We recall from
Subsection 1.13 the alternative presentation of (X ,V,D) as (X ,V,Ω(1),Ω(2)). As before,
we define Ω = Ω(1) ∪ Ω(2). For all α ∈ S we write D(α) = {D ∈ D : α ∈ ς(D)}.
Proposition 8.2 (Corollary of [Lun01, Proposition 6.4]). Let X ′ ⊂ X∗(B) be a sublattice
containing X such that all elements of Σ are primitive in X ′, and let ρ′ : D → Hom(X ′,Z)
be a map such that ρ′(D)|X = ρ(D) for every D ∈ D. We write D′ for the set D equipped
with the maps ρ′ and ς ′ := ς. Assume that for every α ∈ S the following conditions are
satisfied:
(1) if D(α) contains two different elements D+ and D−, then ρ′(D+) + ρ′(D−) =
α∨|X ′,
(2) if 2α ∈ Σ with D(α) = {D}, then ρ′(D) = 12α∨|X ′,
(3) if 2α /∈ Σ and D(α) = {D}, then ρ′(D) = α∨|X ′,
(4) if D(α) = ∅, then α∨|X ′ = 0.
Then (X ′,Σ,D′) are the invariants of a spherical subgroup H ′ ⊂ G.
Proposition 8.3 ([Kno91, Section 4] and [Hof18, Theorem 1.4]). In Proposition 8.2,
the spherical subgroup H ′ ⊂ G with combinatorial invariants (X ′,Σ,D′) can be chosen
such that H ′ ⊂ H.
Proposition 8.4 ([Tim11, Corollary 15.6]). The spherical homogeneous space G/H is
quasi-affine if and only if the set {ρ(D) : D ∈ D} does not contain 0 and spans a strictly
convex cone in Hom(X ,Q).
8.5. We recall a construction based on Section 4.1 of Brion [Bri97], see also [Gag14,
Proposition 3.1], which permits us to write G/H as a quotient of a quasi-affine spherical
homogeneous space by a torus.
Let 〈D〉 denote the free abelian group with basis {eD : D ∈ D}, and let C denote the
k-torus with character group 〈D〉; then C(k) is the group of maps D → k×. We define
G′ = G×C and B′ = B×C, so that X∗(B′) = X∗(B)⊕X∗(C). Then X can be regarded
as a sublattice of X∗(B′), and in this case (X ,Σ,D) are the combinatorial invariants of
the spherical subgroup H × C ⊂ G′.
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We denote by ωα ∈ X∗(B)⊗Z Q the fundamental dominant weight associated with a
simple root α, and we choose an integer q > 0 such that qωα ∈ X∗(B) for all α ∈ S. For
each D ∈ D we set
ωD = q · rD ·
∑
α∈ς(D)
ωα ∈ X∗(B),
where
rD =
{
2 if ς(D) ⊂ 12Σ,
1 otherwise.
Furthermore, we set
λD = (ωD, eD) ∈ X∗(B)⊕ X∗(C) = X∗(B′).
8.6. We define new invariants. First, we set
X ′ = X + 〈λD : D ∈ D〉Z ⊂ X∗(B′),
where the sum is clearly direct. Moreover, for each D ∈ D we define
ρ′(D) ∈ Hom(X ′,Z) ⊂ Hom(X ′,Q)
by the equalities
〈ρ′(D), λ〉 =

〈ρ(D), λ〉 for λ ∈ X ,
q for λ = λD,
0 for λ = λD′ with D′ 6= D.
Finally, we set
ς ′(D) = ς(D) ⊂ S.
Thus we obtain a new set of colors D′, which is the same set D, but with the associated
maps ρ′ and ς ′. Note that the map ρ′ × ς ′ is injective, because the map ρ′ is clearly
injective. If we set Ω′ = im(ρ′ × ς ′), then with the natural notation we have Ω′(2) = ∅
and Ω′(1) = Ω′ ∼= D′ = D.
Proposition 8.7. The invariants (X ′,Σ,D′) come from a quasi-affine spherical homo-
geneous space G′/H ′ = (G× C)/H ′ such that H ′ ⊂ H × C.
Proof. We begin by verifying that conditions (1–4) of Proposition 8.2 are satisfied.
Let α ∈ S with D(α) = {D+, D−}. Then, for λ ∈ X , we have
〈ρ′(D+) + ρ′(D−), λ〉 = 〈ρ(D+) + ρ(D−), λ〉 = 〈α∨, λ〉.
Moreover, for every D′ ∈ D we have
〈ρ′(D+) + ρ′(D−), λD′〉 =
{
q if α ∈ ς(D′)
0 otherwise
}
= 〈α∨, ωD′〉 = 〈α∨, λD′〉.
This gives (1).
Let 2α ∈ Σ with D(α) = {D}. Then, for λ ∈ X , we have
〈ρ′(D), λ〉 = 〈ρ(D), λ〉 = 〈12α∨, λ〉.
Moreover, for every D′ ∈ D, we have
〈ρ′(D), λD′〉 =
{
q if α ∈ ς(D′)
0 otherwise
}
= 12〈α∨, ωD′〉 = 〈12α∨, λD′〉.
This gives (2).
Let α ∈ S, 2α /∈ Σ, and D(α) = {D}. Then, for λ ∈ X , we have
〈ρ′(D), λ〉 = 〈ρ(D), λ〉 = 〈α∨, λ〉.
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Moreover, for every D′ ∈ D, we have
〈ρ′(D), λD′〉 =
{
q if α ∈ ς(D′)
0 otherwise
}
= 〈α∨, ωD′〉 = 〈α∨, λD′〉.
This gives (3).
Let α ∈ S such that D(α) = ∅. Then, we have α∨|X = 0 and 〈α∨, λD′〉 = 0 for every
D′ ∈ D. Therefore, we have α∨|X ′ = 0. This gives (4).
We have shown that the conditions of Proposition 8.2 are satisfied. Hence there exists
a spherical subgroup H ′ ⊂ G′ with invariants (X ′,Σ,D′). By Proposition 8.3, we can
choose H ′ to be a subgroup of H × C.
The set {ρ′(D) : D ∈ D′} does not contain 0 and is linearly independent. In particular,
it spans a strictly convex cone in Hom(X ,Q). It follows from Proposition 8.4 that the
spherical homogeneous space G′/H ′ is quasi-affine. 
Lemma 8.8. In Proposition 8.7 we have H ′ · C = H × C ⊂ G× C.
Proof. Since we have H ′ · C ⊆ H × C, in order to show H ′ · C = H × C, it is sufficient
to show that the spherical homogeneous spaces (G× C)/(H ′ · C) and (G× C)/(H × C)
of the same group G× C have the same combinatorial invariants.
The weight lattice of (G× C)/(H ′ · C) consists of the C-invariants
(X ′)C = X ′ ∩ X∗(B) ⊂ X∗(B)⊕ X∗(C)
of the weight lattice X ′ of the spherical homogeneous space (G × C)/H ′. It follows
from the definition of X ′ that we have X ′ ∩ X∗(B) = X , which is the weight lattice of
(G× C)/(H × C).
By construction, the surjective map (G × C)/H ′ → (G × C)/(H × C) induces a
bijection of colors D ∼−→ D′, where ς ′ = ς and ρ is the composite map
D ρ
′
−−→ Hom(X ′,Q)→ Hom(X ,Q),
where the right-hand map is induced by the embedding X ↪→ X ′. Moreover, this
surjective map (G× C)/H ′ → (G× C)/(H × C) factors as
(G× C)/H ′ → (G× C)/(H ′ · C)→ (G× C)/(H × C).
We see that the map (G×C)/(H ′ ·C)→ (G×C)/(H ×C) induces a bijection of colors
as well (now preserving both associated maps, because the weight lattices are identical).
Since H ′ · C ⊆ H × C and the weight lattices are identical, it follows from [Kno96,
Section 4] that the valuation cones of (G× C)/(H ′ · C) and (G× C)/(H × C) are the
same.
We see that the spherical homogeneous spaces (G×C)/(H ′ ·C) and (G×C)/(H ×C)
of the group G × C have the same combinatorial invariants. By Losev’s uniqueness
theorem [Los09b, Theorem 1], the subgroups H ′ · C and H × C are conjugate in G× C.
Since H ′ · C ⊆ H × C, we conclude that H ′ · C = H × C. 
Corollary 8.9. Any fiber of the quotient map
(G× C)/H ′ → (G× C)/(H ′ · C) = (G× C)/(H × C) = G/H
is an orbit of the torus C under the natural action of C ⊂ G× C on (G× C)/H ′.
8.10. Let G0 be a quasi-split k0-form of G, and we assume that the induced G-action
preserves the quadruple (X ,Σ,Ω(1),Ω(2)). Consider the G-action
α(2)Ω : G × Ω(2) → Ω(2),
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which is clearly continuous (the stabilizer of any point of Ω(2) is open in G). Let D(2)
denote the preimage of Ω(2) in D. Choose a continuous action
α(2)D : G × D(2) → D(2)
lifting α(2)Ω . In this way we obtain a continuous action
αD : G × D → D
lifting the G-action on Ω, that is, such that the map
ρ× ς : D −→ Ω ⊂ Hom(X ,Q)× P(S)
is G-equivariant.
Remark 8.11. At least one such lift always exists. Let U denote the kernel of the
action of G in Ω; then, clearly, U is an open subgroup of G. By [Bor17, Lemma 9.3] the
G-action on the finite set Ω, preserving the subsets Ω(1) and Ω(2), can be lifted (in general
non-uniquely) to a G-action on D such that the kernel of this new action is again U .
Now G acts on D and hence on the basis (eD : D ∈ D) of X∗(C). We consider the
corresponding action of G on X∗(C) and the corresponding quasi-trivial k0-torus C0
(which depends on αD).
Proposition 8.12. Set G′0 = G0 ×k0 C0 and G′ = (G′0)k = G× C. Then the G-action
on X∗(B) and S preserves the combinatorial invariants (X ′,Σ,Ω′(1),Ω′(2)).
Proof. For every γ ∈ G and D ∈ D we have rγD = rD and∑
α∈ς(D)
γωα =
∑
α∈ς(D)
ω γα =
∑
α∈γς(D)
ωα =
∑
α∈ς(γD)
ωα,
hence γλD = (γωD, γeD) = (ω γD, eγD) = λγD. Taking into account that G preserves X ,
we conclude that G preserves X ′.
Since Ω′(2) = ∅, it remains to prove that G preserves the subset Ω′(1) = Ω′. We have
Ω′ = im(ρ′ × ς ′), and so it suffices to show that the maps ρ′ and ς ′ are G-equivariant.
Since ς ′ = ς, it remains to show that the map ρ′ : D′ → HomZ(X ′,Q) is G-equivariant.
Let D ∈ D′ = D. Then
〈ρ′(D), λ〉 =

〈ρ(D), λ〉 for λ ∈ X ,
q for λ = λD,
0 for λ = λD′ with D′ 6= D.
Let γ ∈ G. For every λ ∈ X we have
〈γρ′(D), λ〉 = 〈ρ′(D), γ−1λ〉 = 〈ρ(D), γ−1λ〉 = 〈γρ(D), λ〉 = 〈ρ(γD), λ〉 = 〈ρ′(γD), λ〉,
and for every D′ ∈ D we have
〈γρ′(D), λγD′〉 = 〈ρ′(D), γ−1λγD′〉 = 〈ρ′(D), λD′〉 =
{
q for γD′ = γD,
0 for γD′ 6= γD,
which shows that
〈γρ′(D), λ〉 = 〈ρ′(γD), λ〉
for all λ ∈ X ′. Thus γρ′(D) = ρ′(γD), and hence, the map ρ′ is G-equivariant, as
required. 
Theorem 8.13. Let k0, k, and G be as in Subsection 0.1. Let G/H be a spherical
homogeneous space over k, and let (X ,V,Ω(1),Ω(2)) be its combinatorial invariants. Let
G0 be a quasi-split k0-model of G. Assume that the G-action defined by G0 preserves the
combinatorial invariants (X ,V,Ω(1),Ω(2)). Then for any continuous lift αD : G × D → D
30
of the G-action on Ω, there exists a G0-equivariant k0-model Y0 inducing this action αD
on D.
Proof. Let G′/H ′ be the quasi-affine spherical homogeneous space from Proposition 8.7
with combinatorial invariants (X ′,Σ,Ω′(1),Ω′(2)), and let X = Spec (Γ(G′/H ′,OG′/H′))
be its affine closure. According to Grosshans [Gro97, Theorem 4.2], the codimension of
X rG′/H ′ in X is at least 2, which means that there are no G′-invariant prime divisors
in X. In other words, the set of colors D′ is the set of all B′-invariant prime divisors
in X. A rational B′-semi-invariant function f ∈ k(X)(B′) is regular, that is, f ∈ k[X](B′),
if and only if νD(f) ≥ 0 for every D ∈ D′ (that is, if and only if f has no poles). Since
by definition 〈ρ′(D), λ〉 = νD(f) where λ is the B′-weight of f , the weight monoid Γ′ of
X is given by
Γ′ = {λ ∈ X ′ : 〈ρ′(D), λ〉 ≥ 0 for every D ∈ D′}.(8.14)
Set G′0 = G0×C0 with C0 as in Subsection 8.10. In particular, the G-action on C defined
by C0 comes from αD. Then the G-action defined by G′0 preserves (X ′,Σ,Ω′(1),Ω′(2)),
hence it also preserves Γ′, which can be described in terms of the tuple (X ′,Σ,Ω′(1),Ω′(2));
see (8.14). By Theorem 7.18, there exists a G′0-equivariant k0-model X0 of X, which
induces a G′0-equivariant k0-model X ′0 of the open G′-orbit G′/H ′ = (G× C)/H ′ in X.
Its quotient by C0 is a G0-equivariant k0-model Y0 of G/H. By construction, the action
of G on Ω′(1) ∼= D is αD, as required. 
Theorem 8.15. The k0-model of G/H constructed in the proof of Theorem 8.13 contains
a k0-point.
Proof. We use the notation of the proof of Theorem 8.13. By Theorem 7.19, the set
of k0-points in X0 is dense. Therefore, the induced k0-model X ′0 of the open orbit
G′/H ′ ⊂ X contains a k0-point x′0, the image of which in Y0 = X ′0/C0 is a k0-point of
the k0-model Y0 of G/H. 
9. The automorphism group and models of spherical homogeneous spaces
9.1. In the setting of Subsection 1.13, we recall the combinatorial description of the
automorphism group
A := AutG(G/H)
due to Knop and Losev. For every a ∈ A and λ ∈ X , the automorphism a preserves the
one-dimensional subspace k(G/H)(B)λ of B-λ-semi-invariants in k(G/H), that is, it acts
on this space by multiplication by a scalar da,λ ∈ k×. It is easy to see that in this way
we obtain a homomorphism
ι : A → Hom(X , k×), a 7→ (λ 7→ da,λ).
Let TX denote the k-torus with character group X ; then the group Hom(X , k×) is
naturally identified with the group TX (k) of k-points of TX . Knop [Kno96, Theorem 5.5]
showed that the homomorphism ι is injective and its image is closed in TX (k). It follows
that this image corresponds to a sublattice Ξ ⊂ X such that
ι(A) = {φ ∈ Hom(X , k×) | φ(λ) = 1 for all λ ∈ Ξ ⊂ X}.
We shall identify A with its image ι(A) ⊂ TX (k). Then A is the group of k-points of a
group of multiplicative type A over k with character group X∗(A) = X/Ξ.
According to Losev [Los09b, Theorem 2], there exist integers (cγ)γ∈Σ equal to 1 or 2
such that each cγ · γ is a primitive element in the lattice Ξ. The set
ΣN = {cγ · γ}γ∈Σ ⊂ Ξ
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generates the lattice Ξ; see [Kno96, Corollary 6.5]. It follows that we have
A = {ψ ∈ Hom(X , k×) : ψ(ΣN ) = {1}}.
Losev has shown how the coefficients cγ can be computed from the combinatorial
invariants of G/H; see [Los09b, Theorem 2 and Definition 4.1.1]. Losev’s result implies
that any automorphism of the based root datum BRD(G) preserving (X ,V,D) also
preserves ΣN . See Springer [Spr79, Section 1.9] and Conrad [Con14, Section 1.5 and
Remark 7.1.2] for the definition of the based root datum BRD(G).
Consider the canonical homomorphism
pi : G˜ [G,G] ↪→ G,
where G˜ is the universal cover of the commutator subgroup [G,G] of G. By abuse of
notation, we also denote by pi the induced homomorphism of the centers Z(G˜)→ Z(G).
Every element z˜ ∈ Z(G˜)(k) defines a G-equivariant automorphism az˜ : G/H → G/H,
y 7→ pi(z˜) · y.
Proposition 9.2. ι(az˜)(λ) = λ(pi(z˜)) for all z˜ ∈ Z˜(k), λ ∈ X ⊂ X∗(T ).
Proof. Let f ∈ k(G/H)(B)λ . Write z = pi(z˜) ∈ Z(G)(k). Since z ∈ B(k), for every
y ∈ G/H we have
(az˜(f))(y) = f(z−1 · y) = λ(z)f(x),
hence ι(az˜)(λ) = λ(z) = λ(pi(z˜)), as required. 
Corollary 9.3. The homomorphism of abstract groups
Z(G˜)(k)→ Z(G)(k)→ A ↪→ Hom(X , k×)
comes from a homomorphism of algebraic groups Z(G˜) → TX , where TX denotes the
algebraic k-torus with character group X .
9.4. From now on till the end of this section, we assume that the G-action on X∗(B)
and S preserves the combinatorial invariants (X ,V,D) of G/H.
Since G acts on X and k×, we obtain a natural G-action on Hom(X , k×). It is given
by
(γφ)(λ) = γ(φ(γ−1λ)) for every γ ∈ G, φ ∈ Hom(X , k×), λ ∈ X .
According to Subsection 9.1, since the G-action preserves the combinatorial invariants
(X ,V,D), it also preserves the set ΣN . It follows that the subgroup A(k) = ι(A) ⊂
Hom(X , k×) is G-invariant. We see that A is defined over k0, that is, the group A(k)
with the induced G-action is the group of k-points of an algebraic k0-group, which we
denote by Aq.
Proposition 9.5. Let Gq be a quasi-split inner form of G0, and let Yq be a Gq-equivariant
k0-model of G/H (it exists by Theorem 8.13). The model Yq induces a G-action on A. Let
Aq denote A with the G-action induced by Yq. Then the embedding ι : Aq ↪→ Hom(X , k×)
is G-equivariant.
Proof. We may and shall assume that G0 = Gq. Let Bq ⊂ Gq be a Borel subgroup
defined over k0. We set B = (Bq)k ⊂ G; then γB = B for all γ ∈ G.
Let f ∈ k(G/H) be B-semi-invariant rational function of weight λ ∈ X . The
calculation
(γf)(b−1x) = γ(f(γ−1(b−1x))) = γ(f((γ−1b−1) · (γ−1x)))
= γλ(γ−1b) · γ(f(γ−1x)) = (γλ)(b) · (γf)(x)
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shows that for every γ ∈ G, the rational function γf is B-semi-invariant of weight γλ.
Let a ∈ A and let da,λ ∈ k× be as in Subsection 9.1. The G-action on A induced
by the k0-model Yq = Gq/Hq of G/H satisfies (γa)(f) = γ(a(γ
−1
f)). It follows that if
f ∈ k(Y )(B)λ , then
(γa)(f) = γ(a(γ−1f)) = γ(d
a,γ−1λ · γ
−1
f) = γd
a,γ−1λ · f,
and thus
γa|
k(Y )(B)
λ
= γd
a,γ−1λ · id.
We see that if we consider ι(a) ∈ Hom(X , k×), then
ι(γa)(λ) = γd
a,γ−1λ =
γ(ι(a)(γ−1λ)) = (γ(ι(a))(λ),
and thus
ι(γa) = γ(ι(a)),
which shows that the embedding ι is G-equivariant, as required. 
By Corollary 9.3, the homomorphism of abstract groups
Z(G˜)(k)→ Z(G)(k)→ A = Aq(k)
comes from a homomorphism of algebraic k-groups Z(G˜)→ A. By Proposition 9.5, the
above homomorphism of abstract groups is G-equivariant, and hence, it comes from a
k0-homomorphism
κ˜ : Z(G˜0) = Z(G˜q)→ Z(Gq)→ Aq .
We may and shall identify Aq with Aq(k).
Propositions 9.2 and 9.5 show that one can compute the G-group Aq = Aq(k) and the
homomorphism of k0-groups
κ˜ : Z(G˜0)→ Aq
from the combinatorial invariants (X ,V,Ω(1),Ω(2)) of G/H and the G-action on X∗(B)
and S. Now we prove Main Theorem 1.19 that uses this homomorphism in order to
determine whether G/H admits a G0-equivariant k0-model.
Proof of Main Theorem 1.19. Assume that the G-action on X∗(B) and S defined by G0
preserves (X ,V,Ω(1),Ω(2)). Then the G-action defined by Gq preserves (X ,V,Ω(1),Ω(2))
as well, because it is the same action. By virtue of Theorem 8.13, there exists a Gq-
equivariant k0-model of G/H of the form Gq/Hq, where Hq ⊂ Gq is a k0-subgroup. By
Proposition 5.5, the homogeneous space G/H admits a G0-equivariant k0-model if and
only if κ˜(t(G0)) = 1 ∈ H2(k0, Aq). 
10. Models of spherical embeddings
10.1. Let k0, k, and G be as in Subsection 0.1. Let G/H be a spherical homogeneous
space of a (connected) reductive group G defined over k. Let G/H ↪→ Y e be a spherical
embedding, that is, a G-equivariant open embedding of G/H into a normal irreducible
G variety Y e.
Let ∆ denote the set of B-invariant prime divisors in Y e. If we identify the colors
with their closures in Y e, we have D ⊂ ∆ and ∆ r D is the set of G-invariant prime
divisors in Y e. We write V = HomZ(X ,Q). Every D ∈ ∆ defines an element ρ(D) ∈ V .
A spherical embedding G/H ↪→ Y e defines a colored fan CF(Y e) as follows. For every
G-orbit Z in Y e consider the set IZ ⊂ ∆ consisting of those divisors that contain Z.
The finite set IZ defines a colored cone
(CZ ,FZ) = (cone(ρ(IZ)), IZ ∩ D).
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associated with the G-orbit Z, where we write cone(ρ(IZ)) for the cone in V generated
by the finite set ρ(IZ). Then the collection
CF(Y e) = {(CZ ,FZ) : Z ⊂ Y e is a G-orbit}
is the colored fan associated with the spherical embedding G/H ↪→ Y e.
10.2. Let G0 be a k0-model of G. Assume that there exists a G0-equivariant k0-model
of G/H. Then G naturally acts on V by a continuous homomorphism ϕ : G → GL(V ),
and for any γ ∈ G and any cone C ⊂ V we obtain a new cone γC = ϕγ(C). Furthermore,
G naturally acts on Ω ⊂ V × P(S).
Now let us fix a G0-equivariant k0-model Y0 of G/H. It defines a continuous action
αD of G on D lifting the G-action on Ω. If γ ∈ G, then for any colored cone (C,F) in V
we obtain a new colored cone (γ C, γF) := (ϕγ(C), αDγ (F)). Following Huruguen [Hur11],
we say that the colored fan CF(Y e) is G-stable with respect to (G0 , αD) if for any γ ∈ G
and for any colored cone (C,F) in CF(Y e), the colored cone (ϕγ(C), αDγ (F)) is contained
in CF(Y e) as well.
Construction 10.3. With the notation and assumptions of Subsection 10.2, consider the
group of G-equivariant automorphisms A = AutG(G/H). It is well known that A = A(k)
where A is the algebraic k-group A = NG(H)/H; see, for instance, [Bor17, Corollary 4.3].
The groupA naturally acts on the finite set D. Consider the homomorphismA → Aut(D).
It is clear that the kernel Aker := ker[A → Aut(D)] is the group of k-points of some
algebraic k-subgroup Aker of A. By Losev’s theorem, see [Bor17, Theorem B.5], the
homomorphism
A→ AutΩ(D)
is surjective. Thus we have a short exact sequence
(10.4) 1→ Aker → A→ AutΩ(D)→ 1.
Construction 10.5. Let G0 be a k0-model of G, inducing a semilinear G-action on
G and a continuous G-action on Ω. Assume that there exists a lifting of the G action
on Ω to a continuous G-action αD on D such that the colored fan CF(Y e) is G-stable
with respect to (G0 , αD). Write G0 = cGq, where Gq is a quasi-split k0-group and
c ∈ Z1(k,Gq/Z(Gq)) is an inner cocycle.
By Theorem 8.13, there exists a Gq-equivariant k0-model Yq of G/H inducing this
G-action αD on D and a Gq-semilinear action µq on G/H. This model Yq induces
compatible semilinear G-actions on the algebraic groups in the short exact sequence
(10.4), and so we obtain a short exact sequence of commutative algebraic k0-groups
(10.6) 1→ Akerq i−−→ Aq pi−−→ AutΩ(D)→ 1.
Consider the induced cohomology exact sequence
(10.7) → H1(k0, Aq) pi∗−−→ H1(k0,AutΩ(D)) δ−−→ H2(k0, Akerq ) i∗−−→ H2(k0, Aq)→
Lemma 10.8. In the exact sequence of abelian groups (10.7), the homomorphism
i∗ : H2(k0, Akerq )→ H2(k0, Aq) is injective.
Proof. We fix a Gq-equivariant k0-model Yq of G/H. Let αDq denote the induced action
of G on D. The group H1(k0,AutΩ(D)) classifies G-actions βD on D compatible with
the given G-action on Ω, and the neutral element 1 ∈ H1(k0,AutΩ(D)) corresponds to
βD = αDq . The group H1(k0, Aq) classifies Gq-equivariant k0-models of Y = G/H, and
the neutral element 1 ∈ H1(k0, Aq) corresponds to Yq. By Theorem 8.13, for any such
βD there exists a Gq-equivariant k0-model Yβ of Y = G/H that induces this action βD
on D. Thus the homomorphism pi∗ : H1(k0, Aq) → H1(k0,AutΩ(D)) is surjective. It
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follows that the homomorphism δ is identically 0 and hence, the homomorphism i∗ is
injective. 
Construction 10.9. Since Z(G) ⊂ B, the composite homomorphism
Z(G)→ A→ AutΩ(D)
of Z(G) on D is trivial (that is, it maps all elements of Z(G)(k) to the identity). It follows
that the homomorphism κ : Z(G)→ A comes from a homomorphism κker : Z(G)→ Aker.
We obtain a natural homomorphism
κ˜ker : Z(G˜0) = Z(G˜q) −−→ Z(Gq) κ
ker−−→ Aker,
and a commutative diagram
(10.10)
H2(k0, Z(G0))
κ˜ker∗

κ˜∗
''
H2(k0, Aker) 
 i∗ // H2(k0, A),
in which the horizontal arrow is injective by Lemma 10.8.
Proposition 10.11. With the notation of Constructions 10.3 and 10.5, let Y = G/H
be a spherical homogeneous space. Let G0 be a k0-model of G and write G0 = cGq, where
Gq is a quasi-split inner form of G0. Assume that the G-action defined by G0 preserves
the combinatorial invariants of G/H and that the following two equivalent conditions
are satisfied:
(a) κ˜∗(t(G0)) = 1 ∈ H2(k0, Aq), or, which is the same,
(b) κ˜ker∗ (t(G0)) = 1 ∈ H2(k0, Akerq ).
Then for any continuous G-action αD on D lifting the G-action on Ω defined by G0, there
exists a G0-equivariant k0-model Y0 of Y = G/H inducing this action αD on D.
Proof. We see from the diagram (10.10) that (a) and (b) are equivalent. Let c˜ : G → Gq(k)
be a locally constant lift of the inner cocycle c : G → G(k) such that c˜(1) = 1G. Since (b)
holds, we have κker∗ (δ[c]) = 1, where κker : Z(Gq)→ Akerq is the canonical homomorphism.
This means that there exists a locally constant map a : G → Akerq (k) such that
(10.12) aγ · γaβ · κ(c˜γ · γ c˜β · c˜−1γβ ) · a−1γβ = 1
for all γ, β ∈ G.
Let αD be as above. Since Gq is quasi-split, by Theorem 8.13 there exists a Gq-
equivariant k0-model Yq of Y inducing αD. Let µ : G → SAut(Y ) denote the correspond-
ing Gq-equivariant semilinear action. As in the proof of Theorem 3.8, we set
(10.13) µ0γ = l(c˜γ) ◦ aγ ◦ µγ ;
then µ0γ is a G0-equivariant γ-semi-automorphism of Y . Since (10.12) holds, the proof
of Theorem 3.8 shows that µ0 is an algebraic G0-equivariant semilinear G-action of Y ,
which by [Bor17, Lemma 5.4] defines a G0-equivariant k0-model Y0 of Y . Since for all
γ ∈ G we have aγ ∈ Akerq (k), we see that aγ fixes all colors D ∈ D, and hence, µ0 induces
the same action αD on D as µ does, as required. 
Theorem 10.14. With the notation of Constructions 10.3, 10.5, and 10.9, let G/H ↪→
Y e be a spherical embedding. Let G0 be a k0-model of G and write G0 = cGq, where
Gq is a quasi-split inner form of G0. Assume that the G-action defined by G0 preserves
the combinatorial invariants of G/H. Then Y e admits an algebraic G0-equivariant
semilinear G-action if and only if the following two conditions are satisfied:
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(i) The G-action on Ω can be lifted to a continuous G-action αD on D such that the
colored fan CF(Y e) is G-stable with respect to (G0 , αD);
(ii) κ˜∗(t(G0)) = 1 ∈ H2(k0, Aq), or, equivalently, κ˜ker∗ (t(G0)) = 1 ∈ H2(k0, Akerq ).
Proof. If Y e admits an algebraic G0-equivariant semilinear G-action µ0,e, then it induces
a continuous G-action αD on D lifting the G-action on Ω, and then G preserves CF(Y e),
which gives (i); see Huruguen [Hur11, Theorem 2.23]. Moreover, clearly µ0,e preserves
the open G-orbit Y = G/H, and hence, induces a G0-equivariant k0-model Y0 of Y . By
Main Theorem 1.19, (ii) holds.
Conversely, assume that (i) and (ii) hold. Let αD be as in (i). Since (ii) holds, by
Proposition 10.11 there exists a G0-equivariant k0-model Y0 of Y = G/H with semilinear
action µ0 on G/H inducing this action αD on D. Since by (i) the pair (G0, αD) preserves
CF(Y e), by Huruguen’s theorem [Hur11, Theorem 2.23] the G0-equivariant semilinear
G-action µ0 on G/H extends to a G0-equivariant semilinear G-action µ0,e on Y e, as
required. 
Corollary 10.15. If the spherical embedding Y e in Theorem 10.14 is quasi-projective,
then Y e admits a G0-equivariant k0-model if and only if (i) and (ii) are satisfied.
Proof. The corollary follows from Theorem 10.14 and [Bor17, Lemma 5.4]. 
11. Examples
In each of the examples below we consider a spherical variety Y and a k0-model G0 of
G, and we answer the question whether Y admits a G0-equivariant k0-model.
Example 11.1. Let k0 = R, k = C; then G = {1, γ}, where γ is the complex conjugation.
Let H = SL4,C. Consider the diagonal matrices
I4 = diag(1, 1, 1, 1) and I2,2 = diag(1, 1,−1,−1).
Consider the real models SU2,2 and SU4 of H:
H (1)0 = SU2,2, where SU2,2(R) = {h ∈ SL(4,C) | h · I2,2 · γhtr = I2,2},
H (2)0 = SU4, where SU4(R) = {h ∈ SL(4,C) | h · I4 · γhtr = I4},
where htr denotes the transpose of h. Consider the 1-cocycle
c : G → SU2,2(R), 1 7→ I4, γ 7→ I2,2 .
A calculation shows that cSU2,2 ' SU4. Thus SU4 is a pure inner form of SU2,2. By
Theorem 4.3, there exists an SU2,2×R SU4-equivariant real model Y0 of Y = (H×H)/∆.
We describe this model explicitly. We may take for Y0 the transporter
Y0 = {y ∈ SL(4,C) | y · I4 · γytr = I2,2}.
Clearly Y0 is defined over R. It is well known that Y0 is nonempty but has no R-points.
The group G0 := H (1)0 ×R H (2)0 acts on Y0 by
(h1, h2) ∗ y = h1yh−12 .
It is clear that Y0 is a principal homogeneous space of both H (1)0 and H
(2)
0 . Thus Y0 is a
G0-equivariant k0-model of Y .
Example 11.2. Let k0 = R, k = C, n ≥ 2, H = Sp2n,C (the symplectic group in 2n
variables). Let G = H ×H, Y = (H ×H)/∆. Let 0 ≤ m1 ≤ n, H (1)0 = Sp(m1, n−m1)
(the group of the diagonal quaternionic hermitian form in n variables with m1 times
+1 and n −m1 times −1 on the diagonal). Let H (2)0 = Sp(m2, n −m2). Then H (2)0 is
a pure inner form of H (1)0 , and by Theorem 4.3 Y admits an H
(1)
0 ×k0 H (2)0 -equivariant
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k0-model Y0. One can construct Y0 explicitly as a transporter similar to the transporter
in Example 11.1.
Example 11.3. Let k0, k, H, G, Y be as in Example 11.2. Let H (2)0 = Sp(m2, n−m2)
be as in Example 11.2, but H (1)0 = Sp2n,R. Then
H1(R, H (1)0 ) = H1(R,Sp2n,R) = 1;
see, for instance, Serre [Ser97, III.1.2, Proposition 3]. It follows that any pure inner
form of H (1)0 is isomorphic to H
(1)
0 . Since H
(2)
0 is not isomorphic to H
(1)
0 , we see that
H (2)0 is not a pure inner form of H
(1)
0 . By Theorem 4.3, we conclude that (H ×k H)/∆
does not admit a H (1)0 ×k0 H (2)0 -equivariant k0-model. This example generalizes [Bor17,
Example 9.15], where the case when H (2)0 is compact was considered.
Example 11.4. Let
k0 = R, k = C, H = SL2,C , G = H ×C H ×C H, Y = G/∆,
where ∆ is H embedded into G diagonally. Set
G0 = H (1)0 ×R H (2)0 ×R H (3)0 ,
where H (i)0 are R-models of H = SL2,C. We show that Y has a G0-equivariant model if
and only if H (1)0 ' H (2)0 ' H (3)0 .
First, assume that there exists a G0-equivariant R-model Y0 of Y . Then, by Theo-
rem 4.3, the R-groups H (2)0 and H
(3)
0 are pure inner forms of H
(1)
0 . There are exactly two
non-isomorphic R-models of SL2,C, namely, SL2,R and SU2, and the R-group SU2 is not a
pure inner form of SL2,R because H1(R, SL2,R) = 1. We obtain that H (1)0 ' H (2)0 ' H (3)0 ,
and either H (1)0 ' SL2,R or H (1)0 ' SU2.
Conversely, if G0 = H (1)0 ×R H (1)0 ×R H (1)0 , where H (1)0 is either SL2,R or SU2, we may
take ∆0 = H (1)0 embedded diagonally in G0, and then Y0 := G0/∆0 is a G0-equivariant
R-model of Y (having an R-point 1 ·∆0).
Example 11.5. Let k0, k, and G be as in Subsection 0.1. Let G = SO10,k. Let
X∗(T ) = Z5 be the standard presentation of its character lattice with the simple roots
α1 = ε1 − ε2, α2 = ε2 − ε3, α3 = ε3 − ε4, α4 = ε4 − ε5, α5 = ε4 + ε5,
where ε1, . . . , ε5 is the standard basis of Z5. Consider the spherical subgroup H =
SO9,k ⊂ G. Its combinatorial invariants are
X = Zε1, Σ = {2ε1}, Ω(1) = {(α∨1 |X , {α1})}, Ω(2) = ∅.
We have Z(G) ∼= µ2, NG(H) = Z(G) ·H, and the homomorphism Z(G)→ NG(H)/H is
an isomorphism.
Let G0 be a k0-model of G. By [Tit66, pp. 56–57], the algebraic k0-group G0 is
isomorphic to either SO(k100 ,Q), where Q is a non-degenerate quadratic form in 10
variables over k0, or to SU(D5, h), where D is a central division algebra of degree 2 over
k0, and h is a non-degenerate anti-hermitian form in 5 variables over D with respect to
the canonical involution of the first kind of D. In each case, the Galois group acts on
X∗(T ) = Z5 either trivially or by multiplying ε5 by −1, depending on the discriminant
of the corresponding quadratic or anti-hermitian form. We see that the Galois action
always preserves the combinatorial invariants of G/H.
We consider the Brauer group Br(k0) := H2(k0,Gm) and denote by Br(k0)n the
subgroup of elements of Br(k0) of order dividing n; then H2(k0, µn) ∼= Br(k0)n and we
have
H2(k0,NG(H)/H) = H2(k0, Z(G)) = H2(k0, µ2) = Br(k0)2 .
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In the first case the image of t(G0) in Br(k0)2 is 0; see [KMRT98, (31.11)]. By Main The-
orem 1.19, the homogeneous space G/H admits a G0-equivariant k0-model. We construct
such a model explicitly. We choose b ∈ k0, b 6= 0; then the G0-variety given by the
equation Q(x) = b is a G0-equivariant k0-model of G/H (this k0-model might have no
k0-points).
In the second case, the image of t(G0) in Br(k0)2 is [D], and hence is nontrivial; see
[KMRT98, (31.11)]. By Main Theorem 1.19, the spherical homogeneous space G/H
does not admit a G0-equivariant k0-model.
Example 11.6. Let k0, k, and G be as in Subsection 0.1. Let G = SL3,k. Let α1, α2 be
its simple roots and ω1, ω2 the corresponding fundamental dominant weights. Consider
the spherical subgroup H = SL2,k ⊂ G. Its combinatorial invariants are
X = X∗(T ) = Zω1 +Zω2, Σ = {α1 + α2},
Ω(1) = { (α∨1 |X , {α1}), (α∨2 |X , {α2}) }, Ω(2) = ∅.
Let G0 be a k0-model of G. The Galois group either acts trivially on X∗(T ) or swaps
ω1 and ω2 (and hence α1 and α2). We see that the Galois action always preserves the
combinatorial invariants of G/H. According to [Tit66, p. 55], up to isomorphism there
are four cases:
(1) G0 = SL(3, k0); then we take H0 = SL(2, k0) and set Y0 = G0/H0 .
(2) G0 = SU(l3,H) where H is a nondegenerate Hermitian form in 3 variables over
a quadratic extension l/k0. Then we choose b ∈ k0, b 6= 0, and take for Y0 the
subvariety in l3 given by the equation H(y) = b.
(3) G0 = SL(1, D), where D is a central division algebra of degree 3 over k0.
Then the map Z˜ = Z(G) → NG(H)/H is the canonical embedding µ3 ↪→ Gm,
and it induces an injective homomorphism H2(k0, µ3) = Br(k0)3 ↪→ Br(k0) =
H2(k0,Gm). The image of t(G0) in H2(k0,NG(H)/H) = H2(k0,Gm) = Br(k0)
is, of course, [D] 6= 0, and by Main Theorem 1.19 there is no G0-equivariant
k0-model of G/H.
(4) G0 = SU(1, D, σ), where (D,σ) is a central division algebra with an involution
of second kind over a quadratic extension l/k0. Then, after the base change from
k0 to l, we come to the case (3). Since there is no desired model over l, there is
no model over k0 either.
Proposition 11.7. Let k0, k, and G be as in Subsection 0.1. Let G be a simply connected
semisimple group over k. Let B ⊂ G be a Borel subgroup, and let U = Ru(B) denote the
unipotent radical of B. Let G0 be a k0-model of G. Then the homogeneous space G/U
admits a G0-equivariant k0-model if and only if t(G0) = 1 ∈ H2(k0, Z(G0)).
Proposition 11.7 generalizes [MJT18, Example 3.21], where the case k0 = R was
considered.
Proof. Let Gq be a quasi-split inner form of G0. Let Bq ⊂ Gq be a Borel subgroup. Set
Uq = Ru(Bq); then Uq is a k0-subgroup of Gq, and Gq/Uq is a G0-equivariant k0-model
of G/U . Set
Aq = NGq(Uq)/Uq = Bq/Uq ∼= Tq ,
where Tq is a maximal torus in Bq. Write Zq = Z(Gq) and Z˜q = Z(G˜q). Since G is
semisimple and simply connected, we have Z˜q = Zq , and the homomorphism κ˜ : Z˜q → Aq
is the inclusion monomorphism ι : Zq ↪→ Tq. By Proposition 5.5, the homogeneous space
G/U admits a G0-equivariant k0-model if and only if
ι∗(t(G0)) = 1 ∈ H2(k0, Tq).
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By Lemma 11.8 below, the homomorphism ι∗ is injective, and therefore, we have
ι∗(t(G0)) = 1 if and only if t(G0) = 1. Thus the homogeneous space G/U admits a
G0-equivariant k0-model if and only if t(G0) = 1. 
Lemma 11.8. Let k0, k, and G be as in Subsection 0.1. Let Gq be a quasi-split reductive
group over k0, let Bq ⊂ Gq be a Borel subgroup defined over k0, and let Tq ⊂ Bq be a
maximal torus. Then the canonical homomorphism
ι∗ : H2(k0, Z(Gq))→ H2(k0, Tq)
is injective.
Proof. Write
G = (Gq)k , B = (Bq)k, T = (Tq)k .
Moreover, write
Zq = Z(Gq), Gq = Gq/Zq , Bq = Bq/Zq , T q = Tq/Zq .
We write
Z = (Zq)k , G = (Gq)k = G/Z, B = (Bq)k = B/Z, T = (Gq)k = T/Z.
The short exact sequence
1→ Zq ι−−→ Tq −→ T q → 1
induces a cohomology exact sequence
(11.9) · · · → H1(k0, T q) −→ H2(k0, Zq) ι∗−−→ H2(k0, Tq)→ . . .
Since T and B are defined over k0 in G = (Gq)k , the Galois group G = Gal(k/k0)
preserves T and B when acting on G. It follows that the natural action of G on X∗(T )
by
(γχ)(t) = γ (χ(γ−1t)) for γ ∈ G, χ ∈ X∗(T ), t ∈ T (k),
preserves the set of simple roots S = S(G,T,B) = S(G,T ,B) ⊂ X∗(T ). Since G is a
semisimple group of adjoint type, the set of simple roots S is a basis of the character
group X∗(T ); cf. Springer [Spr79, 2.15]. It follows that the Galois group permutes
the elements of the basis S of X∗(T ), hence T q is a quasi-trivial torus, and therefore,
H1(k0, T q) = 1; see Sansuc [San81, Lemma 1.9]. Now from the exact sequence (11.9) we
see that ker ι∗ = 1, as required. 
Example 11.10. In Proposition 11.7, let k0 = R, k = C, G = SL2m,C, and G0 =
SU(s, 2m − s), where 0 ≤ s ≤ 2m). Then the homogeneous space G/U admits a G0-
equivariant R-model if and only if s ≡ m (mod 2). Indeed, we have H2(R, Z0) = {±1}.
By Table 2 in Borovoi’s appendix to [MJT18], we have t(SU(s, 2m − s)) = (−1)m−s,
and we apply the proposition.
Example 11.11. Let G = SL3(C), let B be the subgroup of upper triangular matrices
in G, and let T be the subgroup of diagonal matrices. Let α1, α2 be the simple roots.
The fundamental weights ω1, ω2 form a basis of the character lattice X∗(B).
Let G = SL3(C) act on Y e := P3(x0:x1:x2:x3) × P2(y0:y1:y2) by
A ·


x0
x1
x2
x3
 ,
y0y1
y2

 =

A ·
x0
x1
x2
x3
 ,
(Atr)−1 · y0y1
y2

.
One can check that X = 〈ω1, ω2〉Z = X∗(B). We write (a, b) ∈ V for the point of V with
coordinates a, b in the basis α∨1 , α∨2 of V (which is dual to the basis ω1, ω2 of X ). Then
we have
V = {(a, b) ∈ V : a+ b ≤ 0}.
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We have B-invariant divisors
D1 = V(y0) with valuation v1 = (1, 0), not G-invariant,
D2 = V(x2) with valuation v2 = (0, 1), not G-invariant,
D3 = V(x3) with valuation v3 = (1,−1), G-invariant,
D4 = V(x0y0 + x1y1 + x2y2) with valuation v4 = (−1, 0), G-invariant,
where for a bihomogeneous function f on Y e, V(f) denotes the subvariety of zeros of f .
We have
D = {D1, D2} with ς(D1) = {α1}, ς(D2) = {α2}, ρ(D1) = v1 , ρ(D2) = v2 .
We see that Ω(2) = ∅ and Ω = Ω(1) = {(v1, {α1}), (v2, {α2})}.
The open G-orbit is Y e r (D3 ∪D4), and we have
H := StabG


1
0
0
1
 ,
10
0

 =

1 0 00 ∗ ∗
0 ∗ ∗
.
It can be shown that the maximal colored cones in CF(Y e) are
(cone(v3, v4), ∅) and (cone(v2, v4), {D2}).
If we consider the R-model G0 = SU(2, 1) of SL3(C), then the corresponding G-action
on X = X∗(B) swaps ω1 and ω2, and the corresponding G-action on V swaps α∨1 and
α∨2 . We see that the G-action preserves X , V , Ω(1), and Ω(2). By Theorem 8.13, the open
G-orbit admits a G0-equivariant R-model Y0, because G0 = SU(2, 1) is quasi-split.
On the other hand, since Ω(2) = ∅, we see that the canonical surjective map D → Ω is
bijective, and so the G-action on Ω lifts uniquely to a G-action on D. Thus G acts on the
set of possible colored cones in V . Clearly, the set of two cones
{cone(v3, v4), cone(v2, v4)}
(where we forget about the colors) is not G-stable, and hence, the colored fan CF(Y e) is
not G-stable. Thus condition (i) of Theorem 10.14 is not satisfied. By Corollary 10.15,
Y e does not admit a G0-equivariant R-model.
Example 11.12. Let G = SL6,C with root system A5. Let α1, . . . , α5 denote the simple
roots, and ω1, . . . , ω5 denote the fundamental weights. Consider the combinatorial
invariants
X = 〈α1, ω3, α5〉,
V = {v ∈ V : 〈v, α1〉 ≤ 0 and 〈v, α5〉 ≤ 0},
Ω(1) = {(α∨2 , {α2}), (α∨4 , {α4})},
Ω(2) = {(12α∨1 , {α1}), (12α∨5 , {α5}).
Let H ⊂ G be a spherical subgroup corresponding to these invariants.
We compute A and Aker. We have
Σ = {α1, α5}, ΣN = {2α1, 2α5},
where the set ΣN can be computed using Theorem 2 of [Los09b]; see also [PVS19,
Proposition 2.7]. In particular, we have A ∼= Hom(X/〈ΣN 〉, k×). Moreover, it follows
from the last part of Proposition 2.7 of Pezzini and Van Steirteghem [PVS19] that in
this particular example we have Aker ∼= Hom(X/〈Σ〉, k×).
40
We describe the set of colors D. Note that αi = εi − εi+1 for i = 1, . . . , 5 and that
ω3 = 12(ε1 + ε2 + ε3 − ε4 − ε5 − ε6) with the notation of Bourbaki [Bou02, Plate I]. Let
(v1, v3, v5) be the basis of V dual to the basis (α1, ω3, α5) of X . Then we have
ρ(D+1 ) = ρ(D−1 ) = 12α
∨
1 |X = v1 , ς(D+1 ) = ς(D−1 ) = {α1},
ρ(D+5 ) = ρ(D−5 ) = 12α
∨
5 |X = v5 , ς(D+5 ) = ς(D−5 ) = {α5},
ρ(D2) = α∨2 |X = −v1 , ς(D2) = {α2},
ρ(D4) = α∨4 |X = −v5 , ς(D4) = {α4}.
Let D(1) and D(2) denote the preimages in D of Ω(1) and Ω(2), respectively. We have
D = D(1) ∪ D(2). We describe the sets D(1) and D(2). Write
D2 = (ρ(D2), ς(D2)) ∈ Ω(1), D4 = (ρ(D4), ς(D4)) ∈ Ω(1);
then
Ω(1) = {D2, D4} ∼= D(1) = {D2, D4}.
Write
D1 = (ρ(D+1 ), ς(D+1 )) = (ρ(D−1 ), ς(D−1 )) ∈ Ω(2),
D5 = (ρ(D+5 ), ς(D+5 )) = (ρ(D−5 ), ς(D−5 )) ∈ Ω(2);
then
Ω(2) = {D1, D5} and D(2) = {D+1 , D−1 , D+5 , D−5 }.
Let G/H ↪→ Y e be the spherical embedding corresponding to the colored fan with
unique maximal colored cone (C,F), where
C = cone(−v1 + v3 − v5, v1, v5), F = {D+1 , D−5 }.
Let k0 = R, k = C, and let Gj = SU6−j,j for j = 0, 1, 2, 3. Then Gj is an R-model of
G = SL6,C. We ask whether Y e admits a Gj-equivariant R-model.
For any j = 0, 1, 2, 3, the group Gj is an inner form of the quasi-split group G3 = SU3,3.
We see that all groups Gj define the same (nontrivial) Galois action on the Dynkin
diagram Dyn(G) = A5. Namely, the complex conjugation γ ∈ G = Gal(C/R) acts on
A5 by the nontrivial automorphism of A5. When acting on V , γ swaps v1 and v5 and
fixes v3. We see that γ preserves the cone C. When acting on Ω, the complex conjugation
γ swaps D2 and D4, and it swaps D1 and D5. Now we ask whether γ preserves the
colored cone (C,F), that is, whether γ preserves F = {D+1 , D−5 }. This depends on a lift
to D of the G-action on Ω.
Clearly, the Galois action on Ω can be lifted to an action on D that does not preserve
the subset F = {D+1 , D−5 }; namely, we can take the action of γ on D that swaps D+1
and D+5 and swaps D−1 and D−5 . However, we can also lift the action of γ on Ω to the
action on D that swaps D+1 and D−5 and swaps D−1 and D+5 . Then we obtain a G-action
that does preserve the subset F = {D+1 , D−5 }, and hence preserves our colored fan. We
see that condition (i) of Theorem 10.14 is satisfied for any j = 0, 1, 2, 3.
We check condition (ii) of Theorem 10.14 for Gj . We have G˜ = G, Z(G˜) = Z(G) =
µ6 = 〈ζ〉, where ζ is a primitive 6th root of unity. Note that G acts trivially on Z(G˜).
By Corollary 11.14 below, we have
H2(G, Z(G˜)) = 〈ζ〉/〈ζ2〉 ∼= {±1}.
We have X∗(Aker) ∼= 〈ω3〉. Since the complex conjugation γ fixes ω3, we see that
Akerq ' Gm,R. By Corollary 11.15 below, we have
H2(R, Akerq ) ∼= H2(R,Gm,R) = R×/R×+ ∼= {±1}.
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Since ω3 is the highest weight of the representation of G = SL6,C in Λ3(C6), we see that
the restriction of the homomorphism
ω3 : T → Gm
maps the generator ζ of Z(G) = µ6 to ζ3 = −1 ∈ R×, and hence, it maps the nontrivial
class [ζ] ∈ H2(G, Z(G˜)) to the nontrivial class [−1] ∈ H2(R, Akerq ). It follows that the
map
κ˜∗ : H2(G, Z(G˜q))→ H2(R, Akerq ) ∼= {±1}
is an isomorphism. Thus κ˜∗(t(G˜j)) = 1 if and only if t(G˜j) = 1. We see from
Table 2 in Borovoi’s appendix to [MJT18] that t(G˜j) = (−1)3−j . Thus condition (ii) of
Theorem 10.14 for Gj is satisfied if and only if j = 3 or j = 1. Since the colored fan of Y e
has only one maximal colored cone, the variety Y e contains exactly one closed G-orbit,
hence is quasi-projective by [Sum74, Lemma 8]. By Theorem 10.14 and Corollary 10.15,
the spherical embedding Y e admits a Gj-equivariant R-model if and only if j = 3 or
j = 1, that is, if and only if our group Gj is SU3,3 or SU5,1.
A similar (but easier) calculation shows that Y e admits an SL6,R-equivariant R-
model, but has no SL3,H-equivariant R-model, where H denotes the division algebra of
Hamilton’s quaternions.
Lemma 11.13. Let G = {1, γ} be a group of order two, and let A be an abstract abelian
group written multiplicatively, with an action of G. Write AG for the subgroup of γ-fixed
points in A. Then there is a canonical and functorial in A isomorphism
H2(G, A) ∼−→ AG/{a · γa | a ∈ A}.
Proof. See Atiyah and Wall [AW67, Section 8, formulas before Theorem 5]. 
Corollary 11.14 (well-known). If in Lemma 11.13 the group G acts on A trivially,
then H2(G, A) = A/A2, where A2 = {a2 | a ∈ A}.
Corollary 11.15 (extremely well-known). If in Lemma 11.13 G = Gal(C/R), then
H2(R,Gm,R) = R×/{z · γz | z ∈ C×} = R×/R×+ ∼= {±1}.
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